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2.1 ?????
????????????????????????
2.1.1 ??
???????????n? 2??????????N = f1; 2; : : : ; ng????R???
?????R+ ?????????????????Z????????Z+ ???????
??????
???? x 2 Rn ?? i??? x(i)????????
x = (x(1); x(2); : : : ; x(n))
????????????? x?? i??? xi ?????????????
x = (x1; x2; : : : ; xn)
???????? x? `1-??? kxk1 ? `1-??? kxk1 ?
kxk1 = max
i2N
jx(i)j;
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X
i2N
jx(i)j
?????????? 1????? 0?
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??????
???? x;y 2 Rn ???????????????????????????????
??x  y ????? i 2 N ???? x(i)  y(i)?????????
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k
;
x(2)
k
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k
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????
???? x 2 Rn ?????dxe 2 Zn ? x?????????????????????
???????bxc 2 Zn ? x????????????????????????????
?????
dxe = (dx(1)e; dx(2)e; : : : ; dx(n)e);
bxc = (bx(1)c; bx(2)c; : : : ; bx(n)c)
????
???? x;y 2 Rn ????, x _ y ?????? x? y ???????????????
?????x^y?????? x? y?????????????????????????
x _ y = (maxfx(1); y(1)g;maxfx(2); y(2)g; : : : ;maxfx(n); y(n)g) ;
x ^ y = (minfx(1); y(1)g;minfx(2); y(2)g; : : : ;minfx(n); y(n)g)
????
???? `;u 2 Rn ??????? [`;u]R ? `?? u????????????????
????
[`;u]R = fx 2 Rn j `  x  ug
???????????? `;u 2 Zn ????????? [`;u]Z ? `?? u???????
???????????????
[`;u]Z = fx 2 Zn j `  x  ug
????
???? x 2 Rn ????? Y  N ?????
x(Y ) =
X
i2Y
x(i)
???????? x(Y )? Y ?????????????
???? x 2 Rn ???? supp+(x)  N ???? supp (x)  N ??????
supp+(x) = fi 2 N j x(i) > 0g;
supp (x) = fi 2 N j x(i) < 0g
????????????????
2.1 ????? 7
??????i 2 N ?????? i?????? i 2 Rn ???? j 2 N ????
i(j) =
(
1 (j = i???)
0 (???????)
???????????? i = 0???????????
0 = 0
??????
???? Y  N ?????Y ??????? Y 2 Rn ???? j 2 N ????
Y (j) =
(
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0 (???????)
???????????????
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X
i2Y
i
??????
???? x?????????????? x> ??????????x?????????
x> ??????????
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0BBB@
x1
x2
...
xn
1CCCA (2.1)
????
???? x;y 2 Rn ?????????? hx;yi ????????
hx;yi =
nX
i=1
xiyi (2.2)
????
2.1.2 ???
??????????????????????
Rn ????? S ???????????????? 2? x;y 2 S ?????x? y ??
???? S ????????????????
Rn ???????????? S ?????S ?????? S ?????????????
????S ??????????????? S ????????????????????
???S ?????????????????????? C ???????? C = fX j X ?
?????X ? Sg????????
X;Y 2 C =) X \ Y 2 C
8 ? 2? ????????
?????????? X 2 C ?????
A =
\
fX j X 2 Cg
??????A???????????????????????A 2 C ????A??? C
???????????????????? S ????????
F : Rn ! R [ f+1g ????????????F (x) ???????? x 2 Rn ???
? F ???????????? F ????????? x????????????????
y = F (x)???????????????????????????????F ?????
? domR F?????? argminR F?????? epiF ??????
domR F = fx 2 Rn j F (x) < +1g;
argminR F = fx 2 Rn j F (x)  F (y) (8y 2 Rn)g;
epiF = f(x; ) 2 Rn  R j   F (x)g
???????
?? F ?????????????? x;y 2 domR F???? 0  t  1??????? t
?????F ?
tF (x) + (1  t)F (y)  F (tx+ (1  t)y)
?????????????????? F ???????????????? epiF ???
????????????????????? F : Rn ! R [ f+1g??domR F 6= ;??
????? (proper)???????epiF ?????????? F ?? (closed)????
??? ????? F : Rn ! R [ f+1g?????domR F ??????? argminR F 6= ;
????
?? F ?? x 2 Rn ???????????????
rF (x) =

@F
@x1
;
@F
@x2
; : : : ;
@F
@xn

??????????????????????????????????????????
?????? d 2 Rn (kdk1 = 1)?????????  > 0????????
F (x+ d)  F (x) + hrF (x);di
????????F ?????? x 2 Rn ???????????????? x?????
????????? d????
hrF (x);di = 0
??????????????????
rF (x) = 0
????????
2.1 ????? 9
??? F ?????????????????F ?????????????x? domR F
???????????
F 0(x;d) = lim
&0
F (x+ d)  F (x)

(2.3)
??????????& 0? ?????? 0??????????? x???????
??????????????????
x? F ???? () ??? d???? F 0(x;d)  0 (2.4)
??????????????????????????????????? d??????
???????
2.1.3 ?????
??????? f : Zn ! R [ f+1g?????????????? domZ f ??????
argminZ f ??????????????
domZ f = fx 2 Zn j f(x) < +1g;
argminZ f = fx 2 Zn j f(x)  f(y) (8y 2 Zn)g
??????????????????????????????????????????
???????????????????
??????? f : Zn ! R [ f+1g ?????? (convex extensible)????????
???????? F : Rn ! R [ f+1g??????
F (x) = f(x) (8x 2 Zn) (2.5)
????????????????
???????????? L????M??????????????? 2??????
????????????????????? 2.1?????????????L????M
???????????????????????????
????? L????M?????????????????????????????
????????? L?????????M???????????????? 2????
??????????????????????? 2.1?????????????????
? L????M?????????????????????????
????? L????M???????????????????????????? L\
????M\ ??????????L\ ????????????M\ ????????????
???? 2.1????????L\ ????M\ ???????? L????M??????
???2?????????????? L\ ?????M\ ???????????????
???????1????????????????????????????? 2.1????
????L\ ????M\ ??????????????????????
10 ? 2 ? ????????
L\ M\
(f : Zn → R ∪ {+∞})
L M
L\ M\
(F : Rn → R ∪ {+∞})
L M
? 2.1. ????????????????????????
? 2.1. ??????
???? ????
g : Zn ! R [ f+1g G : Rn ! R [ f+1g
L??? (??)
L\ ??? ?? L\ ??? ?? L\ ???
L??? ?? L??? ?? L???
???? ????
f : Zn ! R [ f+1g F : Rn ! R [ f+1g
M??? (??)
M\ ??? ??M\ ??? ??M\ ???
M??? ??M??? ??M???
???????L????????????? g;G?????? p; q ??????????
????M????????????? f; F ?????? x;y ?????????????
?????????????????????????
L\ ???? L?????????????????????? L????????????
??????L???????????L\ ???????????????????????
?L\ ???????????L?????????????????M??????M\ ????
??????????? 2.1????
?L????????????????????????? L?????????????
??????????????????????????????????????????
L?????????????????????? L??????????????????
??????????????????????????L\ ?????M?????M\ ????
???????????????? 2.1????
2.2 L ??? 11
2.2 L???
???? L\ ???? L???????????????????? [17, 58, 65, 66, 75]?
2.2.1 L\ ???
L\ ????????????????????????????????????????
??????? G : Rn ! R [ f+1g??????
G(p) +G(q)  2G

p+ q
2

(8p; q 2 Rn) (2.6)
??????????? G ????????????????????????????
??? G ??????????????????? ????????????????
p+q
2 ?????????????

p+q
2

?

p+q
2

? 2????????????????
g : Zn ! R [ f+1g????????
g(p) + g(q)  g

p+ q
2

+ g

p+ q
2

(8p; q 2 Zn) (2.7)
?????????????????????g ? L\ ?????????????? 2.2
????
????????????????????????? 2.1.1?????????????
p; q 2 Zn ????, ????????, ???????????????? p _ q, p ^ q ??
??? 2.3?????????
p _ q = (maxfp1; q1g;maxfp2; q2g; : : : ;maxfpn; qng); (2.8)
p ^ q = (minfp1; q1g;minfp2; q2g; : : : ;minfpn; qng) (2.9)
???? ?? g : Zn ! R [ f+1g?????? (submodular) ?????????
(SBF[Z]) ??? p; q 2 Zn ????
g(p) + g(q)  g(p _ q) + g(p ^ q) (2.10)
????????????????????g(p)? g(q)????????? +1????
??????? (2.10)???????????????
?? g : Zn ! R [ f+1g???????? (translation-submodular) ?????????
(SBF\[Z]) ??? p; q 2 Zn ????  2 Z+ ????
g(p) + g(q)  g((p  1) _ q) + g(p ^ (q + 1)) (2.11)
????????????????????g(p)? g(q)?????? +1????????
??? (2.11) ??????????????????? (2.11)?  = 0?????????
12 ? 2 ? ????????
G(x)
x
p qp+q
2
p
q
i
j ˚
p+q
2
ˇ
¨
p+q
2
˝
? 2.2. ??????????????
i
j
p
qp ∧ q
p ∨ q
? 2.3. p _ q ? p ^ q ???
???? (2.10) ??????????????????????????????????
??????
?????????????????????
?? 2.1 ([62, ?? 7.7]). ?? g : Zn ! R [ f+1g????????????? (2.11)?
?????? (2.7)???????
n????? g ?????????n+ 1????? ~g ?
~g(p; pn+1) = g(p  pn+11) (8p 2 Zn; 8pn+1 2 Z) (2.12)
????????????????????????
?? 2.2 ([62, ?? 7.1]). ?? g : Zn ! R [ f+1g ????????? (2.11) ????
~g : Zn+1 ! R [ f+1g ??????? (2.10)???????
?? 2???????L\ ????????????????
?? 2.3. ?? g : Zn ! R [ f+1g??????? 3???????????????
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? (a) ?????? (2.7)?
? (b) ???????? (2.11)?
? (c) ? (2.12)?????? ~g ??????? (2.10)?
??????(a)? (b)? (c)?????? g? L\ ???????????????????
????????L\ ????????????????????????????????
??????????????????????????????????????????
?????? L\ ?????????????????????????
? 2.1. ??? 1??????????????? (2.10)?????????p  q ????
? p; q 2 Z?????
p _ q = q; p ^ q = p
??????1???? g : Z! R [ f+1g?????
g(p) + g(q) = g(p _ q) + g(p ^ q)
??????g ?????????? (2.10)?????????????
???????1??????????????????? g(p) = ( 1)p ???????
????? L\ ???????????????
?????????????????????
?? 2.4 ([62, ?? 7.20]). L\ ??? g : Zn ! R [ f+1g?????????.
???????????????????????????????????????
?? 2.5 ([62, ?? 7.14(2)]). ?? g : Zn ! R[ f+1g? L\ ???????p 2 domZ g?
g ??????????????? q 2 f0; 1gn ????
g(p)  minfg(p  q); g(p+ q)g
??????????????
?????????????????????????????????????????
??????????????? 2??????????????????????????
???????L\ ??????????????????????????????????
?????????????????????????? 1???????????????
?????????????L\ ???????????????????????????2
????????????L\ ????????????????????????????
2.2.2 L???
?? g : Zn ! R [ f+1g? L????????????g ? L\ ??????????
14 ? 2 ? ????????
(TRF[Z]) ???? r ????????? p 2 Zn ????
g(p+ 1) = g(p) + r (2.13)
???????????????????? (TRF[Z])??1????????????
L??????????????????????????
?? 2.6 ([62, ?? 7.3]). ?? g : Zn ! R [ f+1g? L???????????g ???
???? (2.10) ? 1?????? (2.13) ??????????????
??????????? (2.10)? 1?????? (2.13) ???? L??????????
??????
????????L???? L\ ??????????????????????????
???????????????????????????n??? L\ ??? g ?????
????n+ 1????? ~g : Zn+1 ! R [ f+1g?
~g(p; pn+1) = g(p  pn+11) (8p 2 Zn; 8pn+1 2 Z) (2.14)
??????????~g ? L???????? (2.13)? r = 0????????????n?
?? L??? g ?????????n  1????? g^ : Zn 1 ! R [ f+1g?
g^(q) = g(q; 0) (8q 2 Zn 1) (2.15)
??????????g^ ? L\ ???????????????????????????.
??????? 1? 1??????????????L?????? (2.13)? r ????
?????????????????L\ ?????? (2.14)????????? L????
??? r = 0?????? r ???? L??????? L\ ???????????
?????????????????????????????????L\ ???????
????? 2.4??? 2.5???????????????
?? 2.7 ([62, ?? 7.19]). L??? g : Zn ! R [ f+1g?????????.
?? 2.8 ([62, ?? 7.14(1)]). ?? g : Zn ! R [ f+1g ? L?????? (2.13)? r = 0
???????p 2 domZ g ? g ??????????????? q 2 f0; 1gn ????
g(p)  g(p+ q)
??????????????
2.2.3 L\ ???? L???
L\ ???? L???????????????????????????? S  Zn ??
??
S(p) =
(
0 (p 2 S)
+1 (p =2 S)
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???????? S : Zn ! R [ f+1g??? S ??????????? S  Zn ? L\ ?
????????????????? S : Zn ! R[ f+1g ? L\ ????????????
?????????????? S ? L????????? S ? L???????????
???????
S ? L\ ??? () S ? L\ ???; (2.16)
S ? L??? () S ? L??? (2.17)
????
L\ ?????????? (2.16)? L\ ????????????? 2.3?????????
????
?? 2.9 ([65, ?? 4.8]). ?? S  Zn ??????? 3???? (a)? (b)? (c)????
???
(a) ??????
8p; q 2 S =)

p+ q
2

;

p+ q
2

2 S: (2.18)
(b) ??????? ?????
8p; q 2 S =) (p  1) _ q; p ^ (q + 1) 2 S: (2.19)
(c) ??? p; q 2 Zn ???? ;  2 Z?????
p  1; q   1 2 S =) (p _ q)  ( _ )1; (p ^ q)  ( ^ )1 2 S: (2.20)
?? (a)? (b)? (c)???????S ? L\ ???????????????????
? 2.2. ??? n?????a 2 fZ [ f 1ggn, b 2 fZ [ f+1ggn ????????
[a; b]Z = fp 2 Zn j ai  pi  bi (i = 1; 2; : : : ; n)g (2.21)
? L\ ???????
L?????????? (2.17)? L????????????? 2.6??????????
????
?? 2.10 ([65, ?? 4.10]). ?? S  Zn ? L?????????????
p; q 2 S =) p _ q; p ^ q 2 S; (2.22)
p 2 S =) p+ 1; p  1 2 S (2.23)
???????????????????
?????????? L\ ???? L????????????????????????
????????
16 ? 2 ? ????????
? 2.4. L\ ?????
?? 2.11 ([65, ?? 4.12]).
(1) ?? S  Zn ? L\ ??????????????? i 2 Z [ f 1g, i 2 Z [ f+1g,
ij 2 Z [ f+1g (i; j = 1; 2; : : : ; n; i 6= j) ?????
S = fp 2 Zn j i  pi  i; pj   pi  ij (i; j = 1; 2; : : : ; n; i 6= j)g
= fp 2 Zn j i  pi  i; pj   ij  pi  pj + ji (i; j = 1; 2; : : : ; n; i 6= j)g
????????????????
(2) ?? S  Zn ? L ??????????????? ij 2 Z [ f+1g (i; j =
1; 2; : : : ; n; i 6= j) ?????
S = fp 2 Zn j pj   pi  ij (i; j = 1; 2; : : : ; n; i 6= j)g
= fp 2 Zn j pj   ij  pi  pj + ji (i; j = 1; 2; : : : ; n; i 6= j)g
????????????????
?? 2.11????? S  Zn ? L\ ???????? L???????S ???? S  Rn
?
S = S \ Zn
????????????
?????????????????????????????????????????
????? L\ ?/L??????????? 2??????????
?? 2.12 ([62, ?? 7.8]).
(1) L\ ??? g : Zn ! R [ f+1g ?????? domZ g ? L\ ???????
(2) L??? g : Zn ! R [ f+1g ?????? domZ g ? L???????
?? 2.13 ([62, ?? 7.16]).
(1) L\ ??? g : Zn ! R [ f+1g ?????? argminZ g ? L\ ???????
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(2) L??? g : Zn ! R [ f+1g ?????? argminZ g ? L???????
2.2.4 2???
2???? L\ ??????????????????? n????????? 2????
g(p) = p>Ap =
nX
i=1
nX
j=1
aijpipj (p = (pi)
n
i=1 2 Zn) (2.24)
??????????????? A ??? aij ????????????? i; j ????
aij = aji ????????????? A???????????
?? 2.14 ([62]). ? (2.24)? 2??? g? domZ g = Zn ?????? L\ ????????
?????????
aij  0 (i 6= j);
nX
j=1
aij  0 (i = 1; 2; : : : ; n) (2.25)
???????
???? A?????? (2.25)????????
aij  0 (i 6= j); aii 
X
j 6=i
jaij j (i = 1; 2; : : : ; n)
???????????????????? M ?????????????? 2 ?????
?????????????????M???????????????????????
???????????
L????????????????
?? 2.15 ([62]). ? (2.24)? 2??? g ? domZ g = Zn ?????? L????????
?????????
aij  0 (i 6= j);
nX
j=1
aij = 0 (i = 1; 2; : : : ; n) (2.26)
???????
2.2.5 L\ ?/L?????
L\ ?/L?????????????????????????L\ ??????? L\ ??
???????L??????? L???????????????? 2.12??Zn ? L\ ??
??????L????????p = (p1; p2; : : : ; pn) 2 Zn ????
18 ? 2 ? ????????
1???
????  2 Rn ???  2 R????????? 1???
g(p) = h;pi+  (2.27)
???????? L\ ??????? L\ ????????????? L??????? L?
??????
2???
????? 2???
g(p) = p>Ap =
nX
i=1
nX
j=1
aijpipj (aij = aji 2 R) (2.28)
??????????????? A = (aij)?
aij  0 (i 6= j);
nX
j=1
aij  0 (i = 1; 2; : : : ; n) (2.29)
?????? L\ ????????? 2.14??
aij  0 (i 6= j);
nX
j=1
aij = 0 (i = 1; 2; : : : ; n) (2.30)
?????? L????????? 2.15??
?????
1??????  i (i = 1; 2; : : : ; n) ???????????????
g(p) =
nX
i=1
 i(pi) (2.31)
? L\ ???????1??????  ij (i; j = 1; 2; : : : ; n; i 6= j) ????????????
g(p) =
X
i 6=j
 ij(pi   pj) (2.32)
? L??????????
g(p) =
nX
i=1
 i(pi) +
X
i 6=j
 ij(pi   pj) (2.33)
? L\ ???????
?????????
???????????domZ g  f0; 1gn ??? L\ ??? g ????????? 2.2.6?
????
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X ∩ Y = {e2}
X ∪ Y = {e1, e2, e3}
X = {e2, e3} Y = {e1, e2}
e1e3
e2
? 2.5. ???????????????????
2.2.6 ?????????
L\ ???????????????????????????????
????????????????????????????????????????
????????????????????????????? N = f1; 2; : : : ; ng ????
N ????????? 2N ??????N ???????  : 2N ! R [ f+1g ?????
???????
????  : 2N ! R [ f+1g?????
(X) + (Y )  (X [ Y ) + (X \ Y ) (8X;Y  N) (2.34)
????????????????????? 2.5??????????????
(X) + (Y )  (X [ Y ) + (X \ Y ) (8X;Y  N) (2.35)
?????????????????????????? ???????????? ?
??????????????????
? 2.3. (X) = jXj (=?? X ??????)?????
jXj+ jY j = jX [ Y j+ jX \ Y j
??????(X)???? (2.34)????????????????????? (2.35)??
??????????????????????????????????????????
????????????
? 2.4.
20 ? 2 ? ????????
(1) (X) = jXj2 ????????????
(2) (X) =
pjXj????????????
??.
(1) (X) = jXj2 ????
(X) + (Y )  (X [ Y ) + (X \ Y )
??????a = jX \ Y j, x = jXj   a, y = jY j   a?????a; x; y ??????????
???
(??)  (??) = (X) + (Y )  (X [ Y )  (X \ Y )
= (a+ x)2 + (a+ y)2   (a+ x+ y)2   a2
= (a2 + 2ax+ x2) + (a2 + 2ay + y2)  fa2 + 2a(x+ y) + (x+ y)2g   a2
=  2xy  0
????????
(2) (X) =
p
X ????
(X) + (Y )  (X [ Y ) + (X \ Y )
??a = jX \ Y j, x = jXj   a, y = jY j   a?????
p
a+ x+
p
a+ y  pa+ x+ y +pa (a; x; y  0)
???????????????????
???????????? 2.1.1??????????????????????????
??? p 2 f0; 1gn ??pi = 1????? i???? X ?????? i?????? i ??
??
p =
X
i2X
i
???????????n = 5? p = (1; 0; 0; 1; 1)????X = f1; 4; 5g????????
?????? p 2 f0; 1gn ????? X ? 1? 1???????????? X ??????
????X ????????????? X ??????????(1; 0; 0; 1; 1) = f1;4;5g ?
???
??????????domZ g  f0; 1gn ????? g : Zn ! R [ f+1g??N ????
??  : 2N ! R [ f+1g ??? 1? 1????????????
(X) = g(X) (8X  N) (2.36)
??? ? g ???????????n = 5????(f1; 4; 5g) = g(1; 0; 0; 1; 1)????
f0; 1g????????????????????????2?? f0; 1gn ???????
???????????????????2?????????????????????
p = X ; q = Y =)

p+ q
2

= X[Y ;

p+ q
2

= X\Y (2.37)
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??????
? (2.37)????g??????? (2.7)? ??????? (2.34)??????????
????????????
?? 2.16 ([62, ?? 7.4]). ? (2.36)?????????g ? L\ ???????????
???????????????????
???????????????????????????1960???????????
??J. Edmonds??????????????????????????????????
?????????????????????????????????????????
??????????????
1980??????????S. Fujishige?A. Frank?L. Lovasz????????????
??????????????????. Fujishige??????????????????
?? [15] ????Frank ??????????????? [14] ?????Lovasz ????
??????????????????????????????????????????
?????????????? [46]??????????????????????????
??????????????????????????????????????????
?????????????????????????1990??????? K. Murota??
??????????????? [19, 57, 58, 69] ?
????????????????????????????1970 ?????????
??????????????1981 ??????????????????????? M.
Grotschel? Lovasz, A. Schrijver????????? [26]?1988????????????
??????????????????????? 1999????????????????
?????S. Iwata?L. Fleischer?Fujishige [35]? 3??????? Schrijver [85]???
?????????????????????????????????? [81]?
????????????????????????????????? (Maximum Cut
Problem) ???????????P6=NP ??????????????????????
???????????P6=NP ???????????????????????????
??????????? [37, 45, 46]?????????????????????????
? [1, 8, 9, 13, 80, 89, 97]????f0; 1g??????M\ ???????????????
???? 2.23????M\ ?????????M\ ???????????????????
???????????????f0; 1g??????M\ ????????????????
?????????????????? [67]?
2.2.7 ????? L\ ?/L???
??????? L\ ?/L????????????????? [70, 73, 74]?
22 ? 2 ? ????????
????? L\ ???
??? G : Rn ! R [ f+1g?
(SBF\[R]) ??? p; q 2 Rn ????  2 R+ ????
G(p) +G(q)  G((p  1) _ q) +G(p ^ (q + 1)) (2.38)
????????? G? L\ ??????????????G(p)? G(q)?????? +1
??????????? (2.38) ???????????????
?? (SBF\[R]) ????????? (translation-submodularity) ?????????
 = 0?????????
(SBF[R]) ??? p; q 2 Rn ????
G(p) +G(q)  G(p _ q) +G(p ^ q) (2.39)
??????? (submodularity) ??????????G(p)? G(q)?????? +1??
????????? (2.39) ?????????????????????????????
??p; q ??????????????????????????????????????
? (2.10) ???????
L\ ????????????????????????????????????????
?????????????? 1??????
?? 2.17 ([65, ?? 6.3]). ?? G : Rn ! R [ f+1g? L\ ???????????
~G(p; pn+1) = G(p  pn+11) (8p 2 Rn; 8pn+1 2 R)
?????? ~G : Rn+1 ! R [ f+1g ??????? (2.39) ??????????????
????? L\ ????????????????????? 2.3?? (a)? (b)? (c)? 3
???????????(b)?? (2.38)??(c)??? 2.17???????????????
? (a)???????????????????????????????????????
????????L\ ????????????????
????? L???
?? G : Rn ! R [ f+1g? L??????????G? L\ ???????????1?
?????
(TRF[R]) ???? r ????????? p 2 Rn ????  2 R????
G(p+ 1) = G(p) + r (2.40)
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????????????
L??????????????????????????
?? 2.18 ([62, ?? 7.30]). ?? G : Rn ! R [ f+1g? L???????????G??
????? (2.39) ? 1?????? (2.40) ??????????????
??????L???? L\ ????????????????????????????
?????????????????????????n??? L\ ??? G???????
??n+ 1????? ~G : Rn+1 ! R [ f+1g?
~G(p; pn+1) = G(p  pn+11) (8p 2 Rn; 8pn+1 2 R) (2.41)
?????????? ~G? L??????????n??? L??? G?????????
n  1????? G^ : Rn 1 ! R [ f+1g?
G^(q) = G(q; 0) (8q 2 Rn 1) (2.42)
??????????G^? L\ ???????????? L\ ???? L?????????
????????????? L\ ???? L???????????????????????
?????
L\ ?/L?????????????????????????????????????
???? (2.4)??p? G???? () ??? d???? G0(p;d)  0????????
????????????????????? d??????????????
?? 2.19 ([62, ?? 7.33]).
(1) ?? G : Rn ! R [ f+1g ? L\ ???????p 2 domRG? G?????????
?????? q 2 f0; 1gn ????
G0(p; q)  0; G0(p; q)  0
??????????????
(2) ?? G : Rn ! R [ f+1g ? L???????p 2 domRG? G?????????
???G0(p;1) = 0??????? q 2 f0; 1gn ????
G0(p; q)  0
??????????????
2.2.8 ????? L\ ?/L???
????? L\ ?/L????????????????????
?? S  Rn ? L\ ?????????????????? S : Rn ! R [ f+1g ? L\ ?
????????????????????????? S ? L ????????? S ? L
24 ? 2 ? ????????
??????????????????
S ? L\ ??? () S ? L\ ???; (2.43)
S ? L??? () S ? L??? (2.44)
????? (2.43)?? (2.44)? S ??????????L\ ?/L????????????
?????
L\ ?????????? (2.43)? L\ ???????????? (2.38)??? 2.17???
??????????
?? 2.20 ([65, ?? 6.6(1)]). ??? S  Rn ?????? 2 ???? (a)? (b) ????
???
(a) ??????? ?????
8p; q 2 S =) (p  1) _ q; p ^ (q + 1) 2 S: (2.45)
(b) ??? p; q 2 Rn ???? ;  2 R?????
p  1; q   1 2 S =) (p _ q)  ( _ )1; (p ^ q)  ( ^ )1 2 S: (2.46)
?? (a)? (b)???????S ? L\ ???????????????????
L?????????? (2.44)? L????????????? 2.18?????????
????
?? 2.21 ([65, ?? 6.6(2)]). ??? S  Rn ? L??????????????  2 R?
????2????
8p; q 2 S =) p _ q; p ^ q 2 S; (2.47)
8p 2 S =) p+ 1 2 S (2.48)
???????????????????
L\ ???? L??????????????????????????????????
2.11? Rn ??????????????
?? 2.22 ([65, ?? 6.7]).
(1)??? S  Rn? L\??????????????? i 2 R[f 1g, i 2 R[f+1g,
ij 2 R [ f+1g (i; j = 1; 2; : : : ; n; i 6= j) ????
S = fp 2 Rn j i  pi  i; pj   pi  ij (i; j = 1; 2; : : : ; n; i 6= j)g
= fp 2 Rn j i  pi  i; pj   ij  pi  pj + ji (i; j = 1; 2; : : : ; n; i 6= j)g
????????????????
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(2) ??? S  Rn ? L ??????????????? ij 2 R [ f+1g (i; j =
1; 2; : : : ; n; i 6= j) ????
S = fp 2 Rn j pj   pi  ij (i; j = 1; 2; : : : ; n; i 6= j)g
= fp 2 Rn j pj   ij  pi  pj + ji (i; j = 1; 2; : : : ; n; i 6= j)g
????????????????
L\ ???? L??????????????????L\ ???? L\ ?????L???
? L?????????
2.2.9 ????? L\ ?/L?????
????? L\ ?/L????????????????????????????L\ ??
????? L\ ??????????L ??????? L ???????????????
p = (p1; p2; : : : ; pn) 2 Rn ????
1???
????  2 Rn ???  2 R????????? 1???
G(p) = h;pi+  (2.49)
???????? L\ ???????? L\ ????????????? L????????
L???????
2???
????? 2???
G(p) = p>Ap =
nX
i=1
nX
j=1
aijpipj (aij = aji 2 R) (2.50)
?????? A = (aij)?
aij  0 (i 6= j);
nX
j=1
aij  0 (i = 1; 2; : : : ; n) (2.51)
?????? L\ ???????
aij  0 (i 6= j);
nX
j=1
aij = 0 (i = 1; 2; : : : ; n) (2.52)
?????? L?????? [71]?????????????????????? 2.14???
2.15????????
26 ? 2 ? ????????
?????
1??????  i (i = 1; 2; : : : ; n) ???????????????
G(p) =
nX
i=1
 i(pi) (2.53)
? L\ ???????1??????  ij (i; j = 1; 2; : : : ; n; i 6= j) ????????????
G(p) =
X
i 6=j
 ij(pi   pj) (2.54)
? L??????????
G(p) =
nX
i=1
 i(pi) +
X
i 6=j
 ij(pi   pj) (2.55)
? L\ ???????
2.3 M???
????M\ ????M???????????????????? [57, 65, 66, 69, 75]?
2.3.1 M\ ???
?? f : Zn ! R [ f+1g??????
(M\-EXC[Z]) ??? x;y 2 Zn ???? i 2 supp+(x   y) ???????
j 2 supp (x  y) [ f0g?????
f(x) + f(y)  f(x  i + j) + f(y + i   j) (2.56)
???????M\ ??????????????? 2.1.1???????????????
? v ????
supp+(v) = fi j vi > 0g; supp (v) = fi j vi < 0g
????i ?? i?????? (i > 0)????
0 = 0 = (0; 0; : : : ; 0) 2 Zn
???????
?? f : Zn ! R [ f+1g?????? (supermodular) ?????????
??? x;y 2 Zn ????
f(x) + f(y)  f(x _ y) + f(x ^ y) (2.57)
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x1 x1
x2 x2
g(0; 0) = 0
g(1; 1) = 0
g(0; 1) = 1
g(1; 0) = 1
f(0; 0) = 1
f(1; 1) = 1
f(0; 1) = 0
f(1; 0) = 0
L\ ??? M\ ???
? 2.6. ???????????????????????????
????????????????????f(x)? f(y)????????? +1????
??????? (2.57)??????????????????????????? (2.57)?
????????? (2.10)????????????????????????f ?????
?????  f ??????????
f ?M\ ???????????????? (2.57)?????
?? 2.23 ([62, ?? 6.19]). M\ ??? f : Zn ! R [ f+1g ??????????????
??????????????????????????M\ ?????????????
???????M\ ???????????????????????????????L\
?????????????????????????L\ ????????????????
??????????
???????????=?????????????????????????????
?M\ ?????????????????????????????????
???????????????????????????????????
? 2.5. ? 2.6 ?????n = 2, domZ g = f0; 1g2 ???? L\ ????????n = 2,
domZ f = f0; 1g2 ???? M\ ???????????x = (1; 0); y = (0; 1) ????
x _ y = (1; 1); x ^ y = (0; 0) ??????????? g(x) = g(y) = 1; g(x _ y) =
g(x ^ y) = 0 ????g ?????????? (2.10) ????????????? f(x) =
f(y) = 0; f(x _ y) = f(x ^ y) = 1 ????f ?????????? (2.57) ??????
???? g ?  f ????????????? g ? f ?????????????????
????????????????????????????
???????????????????????????
28 ? 2 ? ????????
?? 2.24 ([62, ?? 6.42]). M\ ??? f : Zn ! R [ f+1g?????????.
?? 2.25 ([62, ?? 6.26(2)]). ?? f : Zn ! R[ f+1g?M\ ???????x 2 domZ f
? f ??????????????? i; j 2 f0; 1; : : : ; ng????
f(x)  f(x  i + j)
??????????????
L\ ????????????? 2.4??? 2.5????????M\ ???????????
??????????????????????????????????????????
???????????? 2?????????????????????????????
????M\ ????????????????????????????????????
???????????????????????? 1?????????????????
???????????M\ ???????????????????????????2?
???????????M\ ????????????????????????????
2.3.2 M???
M?????M\ ????????????????? j ?????? j 2 supp (x  y)
??????0??????????????????????f : Zn ! R[ f+1g?M?
????????????????
(M-EXC[Z]) ??? x;y 2 Zn ???? i 2 supp+(x   y) ???????
j 2 supp (x  y)?????
f(x) + f(y)  f(x  i + j) + f(y + i   j) (2.58)
????????????????????M??? f ????????????????
????????????????????? r ????
domZ f  fx 2 Zn j
nX
i=1
xi = rg (2.59)
?????????????
??????M ???? M\ ??????????????????????????
???????????????????????????n ??? M\ ??? f : Zn !
R [ f+1g?????????n+ 1????? ~f : Zn+1 ! R [ f+1g?
~f(x; xn+1) =

f(x) (xn+1 =  
Pn
i=1 xi ???)
+1 (???) (x 2 Z
n; xn+1 2 Z) (2.60)
?????????? ~f ?M??????????n???M??? f : Zn ! R [ f+1g
?????????? (2.59)? r 2 Z?????n  1????? f^ : Zn 1 ! R[ f+1g?
f^(y) = f(y; r  
n 1X
i=1
yi) (y 2 Zn 1) (2.61)
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??????????f^ ?M\ ?????????????????????????
??????? 1? 1??????????????M?????? (2.59)? r ????
?????????????????M\ ?????? (2.60)?????????M???
???? r = 0?????? r ????M???????M\ ???????????
?????M\ ????M????????????????????????????L\
???? L?????????????
?????????????????????????????????M\ ??????
?????? 2.24??? 2.25???????????????
?? 2.26 ([62, ?? 6.42]). M??? f : Zn ! R [ f+1g?????????.
?? 2.27 ([62, ?? 6.26(1)]). ?? f : Zn ! R [ f+1g?M???????x 2 domZ f
? f ??????????????? i; j 2 f1; 2; : : : ; ng????
f(x)  f(x  i + j)
??????????????
2.3.3 M\ ????M???
M\ ????M??????????????????????
?? S  Zn ?M\ ?????????????????? S : Zn ! R [ f+1g ?M\
?????????????????????????? S ?M????????? S ?
M???????????????
S ?M\ ??? () S ?M\ ???; (2.62)
S ?M??? () S ?M??? (2.63)
????
M\ ?????????? (2.62)?M\ ???????? (M\-EXC[Z]) ????????
???????????????????????
(B\-EXC[Z]) ??? x;y 2 S ???? i 2 supp+(x   y) ??????? j 2
supp (x  y) [ f0g?????
x  i + j 2 S ?? y + i   j 2 S (2.64)
?????
?? 2.28 ([65, ?? 5.4]). ?? S  Zn ? M\ ??????????????????
(B\-EXC[Z])???????????????
? 2.6. ??? n????????? [`;u]Z?????` 2 fZ[f 1ggn, u 2 fZ[f+1ggn?
?M\ ???????
30 ? 2 ? ????????
? 2.7. M\ ?????
M?????????? (2.63)?M???????? (M-EXC[Z]) ?????????
??????M\ ???????? (B\-EXC[Z]) ?????j ?????? j 2 supp (x y)
?????????????????
(B-EXC[Z]) ??? x;y 2 S ???? i 2 supp+(x   y) ??????? j 2
supp (x  y)?????
x  i + j 2 S ?? y + i   j 2 S (2.65)
?????
?? 2.29 ([65, ?? 5.6]). ?? S  Zn ? M ??????????????????
(B-EXC[Z]) ???????????????
???? (B-EXC[Z]) ???M ??? S ??????????????????????
????????? r ????
S  fx 2 Zn j
nX
i=1
xi = rg
????????????
? 2.7. n = 2????M??????? l 2 Z [ f 1g; u 2 Z [ f+1g; r 2 Z????
f(x1; x2) 2 Z2 j x1 + x2 = r; l  x1  ug
???????????
M\ ????M???????????????????????? 1? 0??????
??????? N = f1; 2; : : : ; ng????????????????? 2.1.1??????
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??????? x 2 Zn ????? X  N ????,
x(X) =
X
i2X
xi (2.66)
????M\ ??????????? ???????? ???????????M???
???????? ??????????
?? 2.30 ([65, ?? 5.9,?? 5.8]).
(1) ?? S  Zn ?M\ ?????????????????????????  : 2N !
Z [ f+1g ?????????????  : 2N ! Z [ f 1g ?????
S = fx 2 Zn j (X)  x(X)  (X) (8X  N)g
?????????????????? (;) = (;) = 0?????
X;Y  N =) (X)  (Y )  (X n Y )  (Y nX)
????????
(2) ?? S  Zn ? M ?????????????????????????  : 2N !
Z [ f+1g ?????
S = fx 2 Zn j x(X)  (X) (8X  N); x(N) = (N)g
?????????????????? (;) = 0, (N) < +1????
????????????  : 2N ! Z [ f+1g ????????????
B() = fx 2 Zn j x(X)  (X) (8X  N); x(N) = (N)g (2.67)
?????????????? 2.30(2)????????M????????????????
????? 2.30???M\ ????M????????????????
S = S \ Zn
????????????
?????????????????????????????????????? M\
?/M???????????????
?? 2.31 ([62, ?? 6.7]).
(1) M\ ??? f : Zn ! R [ f+1g ?????? domZ f ?M\ ???????
(2) M??? f : Zn ! R [ f+1g ?????? domZ f ?M???????
?? 2.32 ([62, ?? 6.29]).
(1) M\ ??? f : Zn ! R [ f+1g ?????? argminZ f ?M\ ???????
(2) M??? f : Zn ! R [ f+1g ?????? argminZ f ?M???????
32 ? 2 ? ????????
2.3.4 2???
2????M\ ??????????????????? n????????? 2????
f(x) = x>Ax =
nX
i=1
nX
j=1
aijxixj (x = (xi)
n
i=1 2 Zn) (2.68)
??????????????? A ??? aij ????????????? i; j ????
aij = aji ????????????? A???????????
?? f(x)?M\ ???????????? A????????????????????
????
?? 2.33 ([28, 65]). ? (2.68)? 2??? f ? domZ f = Zn ??????M\ ?????
????????????
fi; jg \ fkg = ; =) aij  min(aik; ajk); (2.69)
??? (i; j)???? aij  0 (2.70)
???????????? i = j ???????
???? (2.69), (2.70)? n = 3????????????????????
a11  a12 = a21  0;
a11  a13 = a31  0;
a22  a21 = a12  0;
a22  a23 = a32  0;
a33  a31 = a13  0;
a33  a32 = a23  0
???????????????????????????????? a12, a23, a31 ???
??
a12  a23 = a31 ???
a23  a31 = a12 ???
a31  a12 = a23
?????3?????????????????????? 2??????????????
M\ ? 2?????????????????????????????????????
????? f1; 2; : : : ; ng??????? T ????
X;Y 2 T =) X \ Y = ;??? X  Y ??? X  Y (2.71)
?????????? T ???????
?? 2.34 ([28]). 2 ??? f(x) ? domZ f = Zn ?????? M\ ???????????
???? T ????? X (X 2 T ) ????
f(x) =
X
X2T
X(
X
i2X
xi)
2 (2.72)
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????????????????????????????????
? 2.8. 2???
f(x) = (x1 + x2)
2 + (x2 + x3)
2 + (x3 + x1)
2
?M\ ???????ff1; 2g; f2; 3g; f3; 1gg?????????
f(x) = (x1 + x2 + x3)
2 + x21 + x
2
2 + x
2
3
??????????????f(x) ??? T = ff1; 2; 3g; f1g; f2g; f3gg ????? (2.72)
??????????
? 2.9. 2???
f(x) = (x1 + x2)
2 + (x2 + x3)
2 + (x3 + x4)
2 + (x4 + x1)
2
?M\???????????? (2.72)????????????T = ff1; 2g; f2; 3g; f3; 4g;
f4; 1gg?????????????????????????
? 2.10. a1 > a2 >    > an > 0????
aij = min(ai; aj) (1  i; j  n) (2.73)
???????? A = (aij)???? (2.69), (2.70)?????????n = 5????
A =
266664
a1 a2 a3 a4 a5
a2 a2 a3 a4 a5
a3 a3 a3 a4 a5
a4 a4 a4 a4 a5
a5 a5 a5 a5 a5
377775 (2.74)
?????? 2.34??????? (2.72)?
f(x) = (a1   a2)x12 + (a2   a3)(x1 + x2)2 + (a3   a4)(x1 + x2 + x3)2
+ (a4   a5)(x1 + x2 + x3 + x4)2 + a5(x1 + x2 + x3 + x4 + x5)2
????
2 ???? M??????????????????????? M\ ?????????
2.33??????
?? 2.35 ([28]). ? (2.68)? 2??? f ?M?????????????????
fi; jg \ fk; lg = ; =) aij + akl  min(aik + ajl; ail + ajk) (2.75)
???????i = j ? k = l???????????????? r ????
domZ f = fx 2 Zn j
nX
i=1
xi = rg
????
34 ? 2 ? ????????
2.3.5 M\ ?/M?????
M\ ?/M?????????????????????????M\ ???????M\ ?
????????M???????M???????????????? 2.31??Zn ???
? M\ ?????????M ???????????????L ?????????????
x = (x1; x2; : : : ; xn) 2 Zn ????
1???
???? p 2 Rn ???  2 R????????? 1???
f(x) = + hp;xi (2.76)
????????M\ ???????M\ ?????????????M???????M
???????
2???
????? 2???
f(x) = x>Ax =
nX
i=1
nX
j=1
aijxixj (aij = aji 2 R) (2.77)
??????? 2.33???????????? A = (aij)?
fi; jg \ fkg = ; =) aij  min(aik; ajk); (2.78)
??? (i; j)???? aij  0 (2.79)
???????f(x)?M\ ?????????? domZ f = Zn ??? [28, 65]????
fi; jg \ fk; lg = ; =) aij + akl  min(aik + ajl; ail + ajk) (2.80)
????f(x)?M????????? 2.35???????? r 2 Z????
domZ f = fx 2 Zn j
nX
i=1
xi = rg
??? [65]?
?????
1?????? 'i (i = 1; 2; : : : ; n) ??????????????
f(x) =
nX
i=1
'i(xi) (2.81)
????????M\ ???????M\ ?????????????M???????M
???????
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????'0 ? 1??????????????????
f(x) = '0(
nX
i=1
xi) +
nX
i=1
'i(xi) (2.82)
??Zn ??M\ ???????
????
f1; 2; : : : ; ng??????????? T ??? X 2 T ????? 1?????? 'X ?
?????
f(x) =
X
X2T
'X(
X
i2X
xi) (2.83)
???????????????????M\ ???????????
f(x) = '1(x1 +   + xn) + '2(x2 +   + xn) +   + 'n(xn) (2.84)
? M\ ?????????? T = ff1; 2; : : : ; ng; f2; 3; : : : ; ng; : : : ; fngg ????????
??T = ff1; 2; : : : ; ng; f1g; f2g; : : : ; fngg ?????????? (2.82)?????
???M\ ????????????????2????????????M\ ?????
????????? 2.34??
???
M???? M????????????????????????????? M???
????2??????????????????????????M\ ?????????
?????????????M\ ???????M???????
2.3.6 ?????M\ ?/M???
??M\?/M?????????????????? [70, 73, 74]????????L\?/L
??????????????????????????????????????????
????
?????M\ ???
??? F : Rn ! R [ f+1g?
(M\-EXC[R]) ??? x;y 2 Rn ???? i 2 supp+(x   y) ???????
j 2 supp (x  y) [ f0g? 0 2 R+ ?????????  2 [0; 0]R ????
F (x) + F (y)  F (x  (i   j)) + F (y + (i   j)) (2.85)
???????????? F ?M\ ?????????????????????M\ ??
????????????
36 ? 2 ? ????????
x1 x1
x2 x2
G(0; 0) = 0
G(1; 1) = 0
G(0; 1) = 1
G(1; 0) = 1
F (0; 0) = 1
F (1; 1) = 1
F (0; 1) = 0
F (1; 0) = 0
L\ ??? M\ ???
? 2.8. ??????????????????????????
????????????M\ ??? F ?????????????
F (x) + F (y)  F (x _ y) + F (x ^ y) (x;y 2 Rn) (2.86)
???????????????????????? x;y ???????????????
???????????????????? (2.57) ???????????
?? 2.36 ([62, ?? 6.51]). M\ ??? F : Rn ! R [ f+1g ??????????????
?????????????????????????????M\ ???????????
??
? 2.11. ????????????????????????????????n = 2??
????? 2.8???????? 2.6?????????
G(x1; x2) = jx1   x2j ? L\ ????????????????
F (x1; x2) = jx1 + x2   1j ?M\ ????????????????
?????M???
M\ ???????? (M\-EXC[R])?????j ?????? j 2 supp (x  y)????
?????? F ?M????????????F : Rn ! R [ f+1g?M???????
?????F ?????????????
(M-EXC[R]) ??? x;y 2 Rn ???? i 2 supp+(x   y) ???????
j 2 supp (x  y)? 0 2 R+ ?????????  2 [0; 0]R ????
F (x) + F (y)  F (x  (i   j)) + F (y + (i   j)) (2.87)
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?????????????????M??? F ???????????????????
?????????????????? r ????
domR F  fx 2 Rn j
nX
i=1
xi = rg (2.88)
????????????
??????M ???? M\ ??????????????????????????
???????????????????????????n ??? M\ ??? F : Rn !
R [ f+1g?????????n+ 1????? ~F : Rn+1 ! R [ f+1g?
~F (x; xn+1) =

F (x) (xn+1 =  
Pn
i=1 xi)
+1 (???) (x 2 R
n; xn+1 2 R) (2.89)
??????????~F ?M??????????n???M??? F : Rn ! R[f+1g?
????????? (2.88)???? r 2 R?????n 1????? F^ : Rn 1 ! R[f+1g
?
F^ (y) = F (y; r  
n 1X
i=1
yi) (y 2 Rn 1) (2.90)
??????????F^ ?M\ ????????????M\ ????M????????
?????????????????????????????L\ ???/L???????
???????
?????
M\ ?/M????????????????????????????????????
????? (2.4)??x? F ???? () ??? d???? F 0(x;d)  0???????
?????????????????????? d??????????????
?? 2.37 ([62, ?? 6.52]).
(1) ?? F : Rn ! R [ f+1g ?M\ ???????x 2 domR F ? F ????????
??????? i; j 2 f0; 1; : : : ; ng????
F 0(x; i + j)  0
??????????????
(2) ?? F : Rn ! R [ f+1g ?M???????x 2 domR F ? F ?????????
?????? i; j 2 f1; 2; : : : ; ng????
F 0(x; i + j)  0
??????????????
38 ? 2 ? ????????
2.3.7 ?????M\ ?/M???
?????M\ ?/M????????????????????
?? S  Rn ?M\ ?????????????????? S : Rn ! R [ f+1g ?M\
?????????????????????????? S ?M????????? S ?
M???????????????
S ?M\ ??? () S ?M\ ???; (2.91)
S ?M??? () S ?M??? (2.92)
????? (2.91)?? (2.92)? S ??????????M\ ?/M???????????
M\ ?????????? (2.91)?M\ ???????? (M\-EXC[R]) ????????
???????????????????????
(B\-EXC[R]) ??? x;y 2 S ???? i 2 supp+(x   y) ???????
j 2 supp (x  y) [ f0g? 0 2 R+ ?????????  2 [0; 0]R ????
x  (i   j) 2 S ?? y + (i   j) 2 S (2.93)
?????
?? 2.38 ([65, ?? 6.23(1)]). ??? S  Rn ?M\ ?????????????????
? (B\-EXC[R])???????????????
M?????????? (2.92)?M???????? (M-EXC[R]) ?????????
??????M\ ???????? (B\-EXC[R]) ?????j ?????? j 2 supp (x y)
?????????????????
(B-EXC[R]) ??? x;y 2 S ???? i 2 supp+(x   y) ??????? j 2
supp (x  y)? 0 2 R+ ?????????  2 [0; 0]R ????
x  (i   j) 2 S ?? y + (i   j) 2 S (2.94)
?????
?? 2.39 ([65, ?? 6.23(2)]). ??? S  Rn ?M?????????????????
? (B-EXC[R]) ???????????????
M\ ????M??????????????????????????????????
2.30? Rn ??????????????
?? 2.40 ([65, ?? 6.24]).
(1)?? S  Rn?M\??????????????????????  : 2N ! R[f+1g
??????????  : 2N ! R [ f 1g ?????
S = fx 2 Rn j (X)  x(X)  (X) (8X  N)g
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???????????????????? (;) = (;) = 0?????
X;Y  N =) (X)  (Y )  (X n Y )  (Y nX)
????????
(2)?? S  Rn?M??????????????????????  : 2N ! R[f+1g
?????
S = fx 2 Rn j x(X)  (X) (8X  N); x(N) = (N)g
???????????????????? (;) = 0, (N) < +1????
M\ ????M??????????????????M\ ????M\ ?????M??
??M?????????
2.3.8 ?????M\ ?/M?????
????? M\ ?/M????????????????????????????M\ ?
??????M\ ??????????M???????M???????????????
??? L\ ?/L??????????????????M\ ?/M????????????
M\ ?/M??????????????
Rn ????M\ ??????????M????????????????L?????
?????????x = (x1; x2; : : : ; xn) 2 Rn ????
1???
???? p 2 Rn ???  2 R????????? 1???
F (x) = + hp;xi (2.95)
????????M\ ????????M\ ?????????????M???????
?M???????
2???
????? 2???
F (x) = x>Ax =
nX
i=1
nX
j=1
aijxixj (aij = aji 2 R) (2.96)
?????? A = (aij)?
fi; jg \ fkg = ; =) aij  min(aik; ajk); (2.97)
??? (i; j)???? aij  0 (2.98)
???????F (x)?M\ ?????????? domR F = Rn ??? [65]????
fi; jg \ fk; lg = ; =) aij + akl  min(aik + ajl; ail + ajk) (2.99)
40 ? 2 ? ????????
????F (x)?M????????????? r 2 R????
domR F = fx 2 Rn j
nX
i=1
xi = rg
??? [65]?????????????????????????? 2.33??? 2.35???
??????????????????????????????????????????
??????? 2.12????
?? A???????F (x)? domR F = Rn ???????M\ ???????????
??????A 1 ? L\ ?????? (2.29)????????? [65, 71]?
? 2.12. ??
A =
24 5 3 23 5 3
2 3 5
35
?????
A 1 =
1
51
24 16  9  1 9 21  9
 1  9 16
35
????L\ ?????? (2.29)???????? (2.96)??? F : R3 ! R [ f+1g???
???M\ ??????????????? A???????M\ ???????? (2.97),
(2.98)????????????????????? M\ ?????????????F (x)
? x 2 Z3 ???????????M\ ????????
?????
1?????? 'i (i = 1; 2; : : : ; n) ??????????????
F (x) =
nX
i=1
'i(xi) (2.100)
????????M\ ????????M\ ?????????????M???????
?M???????
????'0 ? 1??????????????????
F (x) = '0(
nX
i=1
xi) +
nX
i=1
'i(xi) (2.101)
??Rn ??M\ ???????
????
f1; 2; : : : ; ng??????????? T ??? X 2 T ????? 1?????? 'X ?
?????
F (x) =
X
X2T
'X(
X
i2X
xi) (2.102)
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????????M\ ???????????
F (x) = '1(x1 +   + xn) + '2(x2 +   + xn) +   + 'n(xn) (2.103)
? M\ ?????????? T = ff1; 2; : : : ; ng; f2; 3; : : : ; ng; : : : ; fngg ????????
??T = ff1; 2; : : : ; ng; f1g; f2g; : : : ; fngg ?????????? (2.82)?????
??????????????????????? 2.12????????????? 2?
?M\ ?????????
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? 3?
L????????????
3.1 ??
???????????L\ ?/L????M\ ?/M?????? 2??????????
??????????????????????????????? L\ ?/L???????
??????????????????????????????Miller??????? [47]
????????????????????????????? [3, 41]?????????
? [64]?????????????????????????? L\ ?/L?????????
????????????????????
?? L\ ???????? g : Zn ! R [ f+1g???????????? (2.7)?
g(p) + g(q)  g

p+ q
2

+ g

p+ q
2

(8p; q 2 Zn) (3.1)
?????????
?? L??????L\ ???????1???????? (2.13)?
(TRF[Z]) ???? r ????????? p 2 Zn ????
g(p+ 1) = g(p) + r (3.2)
???????????????????? r = 0???????????????????
?????????????????????????????????????
L\ ???? L?????????????????????????????? L\ ???
??????????? L\ ??????????????????????(a) ?????
??(b)????????(c)?????? 3????????? (c)?????????3?
?????????????? (a)??????(b)?????????????????(c)
???????????????????????????????
??????(c)??????????????????????????????????
?????? 3??????????????C????????????????????
???????????????? (c)??????????????????
44 ? 3 ? L????????????
3.2 ?????????????
3.2.1 ?????????
?? L\ ?/L???????????????????????????????????
2.5??? 2.8??????????
?? 3.1.
(1) ?? g : Zn ! R [ f+1g? L\ ???????p 2 domZ g ? g ??????????
????? q 2 f0; 1gn ????
g(p)  minfg(p  q); g(p+ q)g (3.3)
??????????????
(2) ?? g : Zn ! R [ f+1g ? L?????? (3.2)? r = 0???????p 2 domZ g
? g ??????????????? q 2 f0; 1gn ????
g(p)  g(p+ q) (3.4)
??????????????
?? L\ ???????????????????????? 3.1(1)??????????
?????????????????? [62, ? 10.3.1?]??????????
L\ ????????????????????: SD(g;p)
Input: ?? L\ ??? g ???? p 2 domZ g
Output: g ???????
Step 1: g(p+ "X)?????? " 2 f1; 1g? X  f1; 2; : : : ; ng????
Step 2: ?? g(p)  g(p+ "X)?????p????p? g ?????????
Step 3: p := p+ "X ??? Step 1????
??????????????????? g ?????? domZ g ???????????
K1 = maxfkp  qk1 j p; q 2 domZ gg (3.5)
??? [39]??? g ?????????? Tfunc ?????????????
?? Step 1?????? 3.1(1)??????????????????? 2??????
???????????????????????? [35, 81, 85]??? Step 1?? Step 3
??????????????????????? O(K1)??? [20, 39, 75, 77]?????
???????????????? O(S)???????????????????????
? g ????? O(STfuncK1)????????????????????????????
?????????????????????
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3.2.2 ?????????
????? L\ ?/L???????????????????????????? 2.19?
?????????
?? 3.2.
(1) ?? G : Rn ! R [ f+1g ? L\ ???????? p 2 domRG? G???????
???????? q 2 f0; 1gn ????
G0(p; q)  0; G0(p; q)  0
??????????????
(2) ?? G : Rn ! R [ f+1g ? L???????? p 2 domRG? G????????
????G0(p;1) = 0??????? q 2 f0; 1gn ????
G0(p; q)  0
??????????????
???????????????????? L\ ?/L ????????????????
??????????????????? L\ ?/L ??????????????????
??????????????????????????????????????????
??????????????????????????????????????????
????? L\ ?/L??????????????? L\ ?/L??????????????
?????????????
3.3 ??????
??????????????????????????? 1 ????????????
??????????????????????????????? L\ ?/L???????
??????????????? L\ ?/L???????????????????????
???????????????????
3.3.1 ??????????
?????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
?????????
?????????????????????????????????????????
????????????f : Zn ! R????????????????? f ??????
46 ? 3 ? L????????????
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x
f(x)
f2(
x
2 )
? 3.1. ???????????
?? f2 ?
f2(x) = f(2x)
??????
domZ f2 ? domZ f ?????????????? 1=2n ??????????argminZ f2
? argminZ f ??????????????????????? argminZ f2????????
?????????argminZ f???????????????????????
????? 1 ???????????? 3.1 ????f : Z ! R ???????????
?????? f2(x)????????f2( 42 )????????????????? x = 4??
f(x)?????????????? f(3)???????????????????? f2(x)
???????
f4(x) = f2(2x)
????? f4 ???????????????????
??????????? f : Zn ! R [ f+1g ????? ??? b 2 Zn ?????
f(x) = f(x+ b) (x 2 Zn) (3.6)
???????? f : Zn ! R [ f+1g???????????????????????
??????????????????????????
?? f : Zn ! R [ f+1g??????????? f ?????????????? y
??????y ???????? f ??????
x = y + b (3.7)
?????????? x ??????????????????????????1???
????f ???????????
x   (  1)  x  x + (  1) (3.8)
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?????????????????????????????L\ ?/L ???? M\ ?/M
?????????????????
3.3.2 L?????????????
?? g : Zn ! R[f+1g ????? ??? b 2 Zn ?????g??????? (3.6)?
g(p) = g(p+ b)
????
L\ ?/L???????????????? L\ ?/L?????????????????
??M\ ?/M??????????????????
?? 3.3 ([62, ?? 7.11(1),?? 7.10(2)]).
(1) ?? g : Zn ! R [ f+1g ? L\ ???????g ? L\ ???????
(2) ?? g : Zn ! R [ f+1g ? L???????g ? L???????
L\ ?/L ??????????????????????????? S ??? S ???
???????? ??? b 2 Zn ?????
S = fp 2 Zn j p+ b 2 Sg
?????????????????????? S : Zn ! R [ f+1g ? S : Zn !
R [ f+1g?????
S(p) = S(p+ b)
???????????????????????????
?? 3.4.
(1) ?? S ? L\ ????????? S ? L\ ???????
(2) ?? S ? L????????? S ? L???????
3.3.3 ???????????
L\ ?/L???????????????????????? g ???? q ???(3.7)
????
p = q + b
???????? p ?????g ???? p ?????????????????? 3.3?
?? 3.1????g ????? g ????????
?? 3.5 ([62, ?? 7.18][36]). ????????
(1) g : Zn ! R [ f+1g ? L\ ??????p 2 domZ g ??????? q 2 f0; 1gn ??
??
g(p)  minfg(p   q); g(p + q)g
48 ? 3 ? L????????????
????argminZ g 6= ;?????
p   n(  1)1  p  p + n(  1)1
???? p 2 argminZ g ??????
(2) g : Zn ! R [ f+1g ? g(p) = g(p + 1) (8p 2 Zn) ???? L ??????
p 2 domZ g ??????? q 2 f0; 1gn ????
g(p)  g(p + q)
????argminZ g 6= ;?????
p  p  p + (n  1)(  1)1
???? p 2 argminZ g ??????
3.3.4 ???????
??????????? L\ ??? g ???????????? [62, ? 10.3.2?]????
L\ ??????????????????????: SCALING(g;p)
Input: ?? L\ ??? g ???? p 2 domZ g
Output: g ???????
Step 0: k := dlog2K1e, qk+1 := 0????
Step 1: k := 2
k ????
gk(q) := g(p+ kq), domZ gk := fq 2 Zn j 2qk+1   n1  q  2qk+1 + n1g
???????? SD(gk, 2qk+1)?????????????? qk ????
Step 2: k = 0??? p+ q0 ????p+ q0 ? g ?????????
Step 3: k := k   1??? Step 1???.
?? Step 1?????????? SD(gk, 2qk+1)??????????????????
?????O(nSTfunc)?????? Step 1?? Step 3????????? (dlog2K1e+1)
?????????????? O(nSTfuncdlog2K1e) ?????????????????
??????????? [62, ? 10.3.2?]?
3.4 ????
?????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
???????????????????????????????
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=)
???
+ ????????
(=
???
? 3.2. ??????????
??????????? L\ ?/L ?????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
L\ ?/L??????????????????????????????????????
???????????
?????????????????????????????????????????
?????????????????????????????????
3.4.1 ?????????????????
?????????? F : Rn ! R [ f+1g ?????????? Zn ????????
??????????????
f^(x) = F (x) (x 2 Zn) (3.9)
???????? f^ : Zn ! R [ f+1g ? F ?????????????????????
???????????????????????????????????? 3.2????
????????????????????????????????????????
????????? f : Zn ! R [ f+1g ??????????? (2.5):
F (x) = f(x) (x 2 Zn)
??????? F : Rn ! R [ f+1g ????????????????????????
??????????f ??????????????????????????
f(x) = supfg(x) j g : Rn ! R [ f+1g ??????? g(y)  f(y) (8y 2 Zn)g (3.10)
50 ? 3 ? L????????????
???? x 2 Rn???????f ????????????????? f ?????????
??????????????????????????? f ???? f ? f ??????
?????????
?? S ??????S ?????????? S ??????? S ???????????
????????????????? S ??????S = S ??????
3.4.2 L??????????????
L\ ?/L?????????????????? 2.4??? 2.7????????????
????????????
?? 3.6.
(1) L\ ??? g : Zn ! R [ f+1g?????????.
(2) L??? g : Zn ! R [ f+1g?????????.
L\ ?/L???? L\ ?/L???????????????? L\ ?/L?????????
???????????????????????L\ ?/L???????????????
??????????????????????
?? 3.7.
(1) ????? L\ ??????? (3.9)??????? L\ ???????
(2) ????? L??????? (3.9)??????? L???????
??????????????
?? 3.8.
(1) ????? L\ ??????? (3.10)??????? L\ ???????
(2) ????? L??????? (3.10)??????? L???????
?????????????????????????????????????????
???????????????
?? 3.9.
(1) L\ ??????????????????????? L\ ???????
(2) L??????????????????????? L???????
?? 3.10.
(1) ??? L\ ????????L\ ????????
(2) ??? L????????L????????
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3.4.3 ?????????
?????????????????????????????????????????
???
?? 3.11 ([62, ? 7.8?]).
(1) ????? L\ ??? g : Zn ! R [ f+1g ?????????????? L\ ???
G : Rn ! R [ f+1g ????????? p 2 Zn ???? G(p) = g(p) ???????
domRG? domZ g ????????
(2) ????? L ??? g : Zn ! R [ f+1g ?????????????? L ???
G : Rn ! R [ f+1g ????????? p 2 Zn ???? G(p) = g(p) ???????
domRG? domZ g ????????
??????? G???????? (3.10)????? g ????????????????
??????????????? L\ ??? g : Zn ! R [ f+1g?????
g(p) = G(p) (p 2 Zn); (3.11)
domRG? domZ g ???? (3.12)
?????????????? L\ ??? G : Rn ! R [ f+1g ?????????????
????????? G?????? 3.11???????????????? G??? L\ ?
?? g ?????????? L\ ??????????
3.4.4 ?????????
?? L\ ?????????????????????????????????????
??????????????????????????????????????????
???????????????????????????
???? 2 ??????????1 ?????? L\ ?????????????????
???????????????????????
?? 3.12. g : Zn ! R[f+1g??? L\ ????G : Rn ! R[f+1g?????? L\ ?
?????argminRG 6= ;???????????????? p 2 argminZ g ??????
? p 2 argminRG??????
p   n1  p  p + n1 (3.13)
?????
?? 3.12????????? 3.5??????
????????????????????????????? 3.12?????????
?????????????????????????????????????????
52 ? 3 ? L????????????
??????? 2??????????????????????????????????
???? G????????????????????????????????????
???????????????? 2?????argminRG 6= ;????
?? 3.13. g : Zn ! R [ f+1g??? L\ ????G : Rn ! R [ f+1g?????? L\
??????domRG???????????????????? p 2 argminRG?????
?? p 2 argminZ g ??????
p  n1  p  p+ n1 (3.14)
?????
?? 3.13????????? 3.5??????
???g?G? L\ ???????? L????????? (3.13)?? (3.14)??????
p   (n  1)1  p  p + (n  1)1; (3.15)
p  (n  1)1  p  p+ (n  1)1 (3.16)
????
3.4.5 ?????
?????????????????????????????????????????
???????????????? L\ ??? g : Zn ! R [ f+1g?????????? L\
??? G : Rn ! R[ f+1g?????????? argminRG 6= ;????????????
G????????????????????????? g ????????????
L\ ????????????????????: RELAX(g;G)
Input: ?? L\ ??? g ?????? L\ ??? G
Output: g ???????
Step 1: p 2 argminRG??????
Step 2: p??????????? p 2 domZ g ????
Step 3: ????? SD(g;p)??????
?????????????????????2??????? (?? 3.13) ??????
???????????????????????????????? L\ ????????
??????? Step 1???? p?????????G????????????????
?????????????Step 3?????? SD(g;p)????????????? 3.13
???O(n)????????????????????????????? O(K1)????
?????????????Step 1??????????????????? Trelax?Step 2
?????????????????????? Tround ??????????? g ????
????????????? O(Trelax + Tround + nSTfunc)????
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???? 3.4.3???????? L\ ??? G????? g ??????????????
??????????????????????????????????
3.5 ???????
????? 2????????? 3.12??? 3.13???????? [54, 56]?
3.5.1 ????????????
?? 3.12???. ?? s  2?????gs : Zn ! R [ f+1g?
gs(p) := G(
p
s
) (p 2 Zn)
???????????? (3.11)?
g(p) = G(p) (p 2 Zn)
?????????
g(p) = gs(sp) (p 2 Zn) (3.17)
???????????
??? p; q 2 Zn ? 0   2 Z?????
gs(p) + gs(q) = G(
p
s
) +G(
q
s
)
 G((p
s
  
s
1) _ q
s
) +G(
p
s
^ (q
s
+

s
1))
= G(
(p  1) _ q
s
) +G(
p ^ (q + 1)
s
)
= gs((p  1) _ q) + gs(p ^ (q + 1))
?????????????? G????????? (SBF\[R])????????????
gs ??? L\ ?????????????
p ? g ????????g ?????? (3.3)?? (3.17)???
gs(sp
)  gs(sp  sX) (8X  f1; 2; : : : ; ng)
??????L\ ??????????????????????????? (?? 3.5(1))?
gs, sp
 ????????? ps 2 argminZ gs ??????
sp   (s  1)n1  ps  sp + (s  1)n1 (3.18)
?????????????? s????
p   n1  p   s  1
s
n1  ps
s
 p + s  1
s
n1  p + n1
???????
54 ? 3 ? L????????????
??
K := fp 2 Rn j p   n1  p  p + n1g
?????K ??????????????K ?????????????????????
????K ???????? k  1?????
sk = 2
k; psk 2 argminZ gsk ;
psk
sk
2 K
?????? fpsksk g??????? f
pski
ski
g??????????????
lim
i!1
pski
ski
= p0 2 K
????G???????
lim
i!1
G(
pski
ski
) = G( lim
i!1
pski
ski
) = G(p0)
????????????????????????????????fG(pskiski )g?????
??
G(
psk1
sk1
)  G(psk2
sk2
)      G(pski
ski
)    
????
G(p0)  G(p2ki
2ki
) = min g2ki (i 2 Z; i  1) (3.19)
????????????????????????
???????? p0 ???? G(p0) = minG??? p0 2 argminRG ?????????
????????????????G(p0) > minG????????"0 := G(p0) minG > 0
????p00 2 argminRG ?????????????????  > 0 ?????????
n0 2 fki j i = 1; 2; : : :g?
b0 = bp00c; bk 2 f0; 1gn (k = 1; 2; : : : ; n0)
?????? fbkg??????
q :=
n0X
k=0
bk
2k
(3.20)
? jp00 qj < ???????? 2n0q 2 Z??????????????G????????
8"0 > 0; 9"0 > 0 : jx  yj < "0 ) jG(x) G(y)j < "0 (3.21)
?????????? (3.21)???? x = p00, "0 = "02 ??????? "0 ?  ??????
 ????? (3.20) ???? q ??jp00   qj < "0 ?????? jG(p00)   G(q)j < "02 ??
??G(q) < minG+ "02 ???????????
min g2n0  G(q) < minG+
"0
2
< minG+ "0 = G(p
0)
????? (3.19)?????????? G(p0) = minG????????????p???
p0 = lim
i!1
pski
ski
?????
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3.5.2 ???????????????
?? 3.13???. ?? 3.12?????????????G : Rn ! R[f+1g??????
? p 2 Rn ??????????????????? p 2 argminZ g ?
p   n1  p  p + n1
?????????? 3.12???????????????????? p 2 argminZ g ??
????????????
???G?????????????????????????????????G???
???????????????? p 2 argminRG???? 1???????? " > 0??
????? G" : Rn ! R [ f+1g??? g" : Zn ! R [ f+1g?
G"(p) := G(p) + "
nX
i=1
(p(i)  p(i))2 (p 2 Rn);
g"(p) := G"(p) (p 2 Zn)
???????? G" ??? g" ??L\ ????????????G" ??????? p??
??????????? "???????g" ????? p" 2 argminZ g" ? g ??????
????????G????????????????????
~K1 = maxfkp  qk1 j p; q 2 domRGg
??????
g(p0) = minfg(p) j p 2 domZ g n argminZ gg
?????????g(p0)? g ????????? 2??????????????????
? "?
0 < " <
g(p0) min g
n ~K21
??????????p" 2 argminZ g" ? p 2 argminZ g ????
g"(p

")  g"(p)
??????g" ?????????
g(p")  g(p) + "
nX
i=1
f(p(i)  p(i))2   (p"(i)  p(i))2g
????????????????p 2 argminZ g ?? g(p")  g(p)??????????
???????????????
g(p")  g(p) +
g(p0) min g
n ~K21
nX
i=1
f(p(i)  p(i))2   (p"(i)  p(i))2g
< g(p) + g(p0) min g = g(p0)
56 ? 3 ? L????????????
? 3.1. ???? L\ ????????????
?? ??????
SD ????? (? 3.2.1?)
SCALING ??????? (? 3.3.4?)
RELAX ????????? (? 3.4.5?)
????????? g(p0)? 2??????????????g(p")???????????
??? p" 2 argminZ g ??????????
?????????????????????????????p" 2 argminZ g ?
p"   n1  p  p" + n1
?????????????
3.6 ?????
?????????????????????????????????????????
???????????????????????????????
? 3.1??? 3????? L\ ????????????? C?????????????
????????????????
 Nocedal ??? `L-BFGS' *1 ??????? C++ ?????????? *2 ??
????????????????????? [44]????????????????
?????????????????1????????? n+ 1?????????
???????????? RELAX??????????????????
 ????? `SFM8' ??Iwata{Fleischer{Fujishige [35] ?????????????
???????????????????????????????????M ??
??O(n5 log2M)?????
 ???????? `SIMD-oriented Fast Mersenne Twister' *3 ???????????
???????????????
????????? L\ ????
g(p) =
nX
i=1
hi(p(i)) +
X
1i<jn
hij(p(i)  p(j)) (p 2 Zn)
*1 http://www.ece.northwestern.edu/~nocedal/lbfgs.html
*2 http://chasen.org/~taku/software/misc/lbfgs/
*3 http://www.math.sci.hiroshima-u.ac.jp/~m-mat/MT/SFMT/
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???????????????
hi(z) = ai(z   ci)2 + bi(z   ci); hij(z) = aijz2 + bijz
? 1????????????????????? L\ ??????
G(p) =
nX
i=1
hi(p(i)) +
X
1i<jn
hij(p(i)  p(j)) (p 2 Rn)
?????1?? n??? 10??????????????????
1  ai; aij  n;
  n2  bi; ci; bij  n2
????????????????????????????
 10n  p0(i)  10n
????????????????????
?????? HP dx5150 SF/CT, AMD Athlon 64 3200+ processor (2.0GHz, 512KB L2
cache), 4GB memory, Vine Linux 4.1 (kernel 2.6.16), gcc 3.3.6????
??????? 3??????????SD, SCALING, RELAX???????????
?? L\ ???????????????????????????????????????
???????????????????????????????????? 3.3????
??? 3.3?????????????????????????? C????????? n
????? 3.3???????????????????????? T????????? n
??????????????? C ???????????????? logC ? log n???
??????????????????? l ???? C = O(nl)????????????
?? T ???????? T = O(nl)?????l ???????????????????
3.2??????????????????? RELAX???????????????
?????????????????????????????????????????
??????? L\ ????????????????????
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102
103
104
105
106
 10  100
,
 
C
, n
SD (an3.3)
SCALING (bn2.8)
RELAX (cn2.5)
 0.01
 0.1
 1
 10
 10  100
,
 
T(
)
, n
SD (an4.6)
SCALING (bn4.4)
RELAX (cn4.5)
? 3.3. L\ ????????????????????????
? 3.2. L\ ???????????????????
?????? SD SCALING RELAX
?????? C n3:3 n2:8 n2:5
???? T n4:6 n4:4 n4:5
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? 4?
M????????????
4.1 ??
????????????????????L\ ?/L????M\ ?/M?????? 2?
????????????????????????????????????????M\
?/M???????????????????M\ ?/M????????????????
??????????????????????????????????????????
M\ ?/M????????????????????????????????
??M\ ???????? f : Zn ! R [ f+1g?????????? (2.56)?
(M\-EXC[Z]) ??? x;y 2 Zn ???? i 2 supp+(x   y) ???????
j 2 supp (x  y) [ f0g?????
f(x) + f(y)  f(x  i + j) + f(y + i   j) (4.1)
??????????
??M???????? f : Zn ! R [ f+1g?????????? (2.58)?
(M-EXC[Z]) ??? x;y 2 Zn ???? i 2 supp+(x   y) ??????? j 2
supp (x  y)?????
f(x) + f(y)  f(x  i + j) + f(y + i   j) (4.2)
??????????M\ ???? M ??????????????????? 2.3.2 ??
??????????????????M????????????
??M?????????????????????????????????????
???(a)???????(b)????????(c)?????? 3?????????????
????????????????????????3??????????????? (a)?
?????(b)?????????????????(c)?????????????????
??????????????
???????M???????????(c)????????????????????
??????????????????????????????M ??????????
60 ? 4 ? M ????????????
??????????????????????????????????????????
???????????
???????????????????????????????? Hochbaum{
Hong [30]??????????????????????? 2?????????????
????????, ?????????? M ?????????????????????
?????????????????????????????????????????
?????????????????????????????????????????
??M???????????????????????????????????????
??????????????????????????????????????????
?????
4.1.1 M????????
M????????????????M?????????
(MC) Minimize f(x) subject to x 2 domZ f
??????????? f : Zn ! R [ f+1g ?M???????????? (MC)???
???????????????
?? 4.1 ([62, ? 6.11?]).
(1) ?????M\ ??? f : Zn ! R [ f+1g??????????????M\ ???
F : Rn ! R [ f+1g ????????? x 2 Zn ???? F (x) = f(x) ???????
domR F ? domZ f ????????
(2) ????? M ??? f : Zn ! R [ f+1g ?????????????? M ???
F : Rn ! R [ f+1g ????????? x 2 Zn ???? F (x) = f(x) ???????
domR F ? domZ f ????????
??????? F ???????? (3.10)????? f ????????????????
??????????(MC) ????? (MC) ?
(MC) Minimize F (x) subject to x 2 domR F
????????? F : Rn ! R [ f+1g ???M??????????? x 2 Zn ???
? F (x) = f(x)??????? domR F ? domZ f ????????
4.2 ?????????????
4.2.1 ?????????
??M\ ?/M??????????????????? 2.25??? 2.27???????
???
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?? 4.2.
(1) ?? f : Zn ! R [ f+1g?M\ ???????x 2 domZ f ? f ?????????
?????? i; j 2 f0; 1; : : : ; ng????
f(x)  f(x  i + j)
??????????????
(2) ?? f : Zn ! R[ f+1g?M???????x 2 domZ f ? f ??????????
????? i; j 2 f1; : : : ; ng????
f(x)  f(x  i + j)
??????????????
??M???????????????????????? 4.2(2)??????????
?????????????????? [62, ? 10.1.1?]??????????
M????????????????????: SD(f;x)
Input: ??M??? f ???? x 2 domZ f
Output: f ???????
Step 1: f(x  i + j)?????? i; j 2 f1; : : : ; ng(i 6= j)????
Step 2: ?? f(x)  f(x  i + j)?????x????x? f ?????????
Step 3: x := x  i + j ??? Step 1????
??????????????????? f ?????? domZ f ???????????
K1 = maxfkx  yk1 j x;y 2 domZ fg (4.3)
?????? f ?????????? Tfunc ?????????????
?? Step 1?????? 4.2(2)?????O(n2Tfunc)????????????? Step 1
?? Step 3??????????????????????? O(K1)??????????
??????? f ????? O(n2TfuncK1)??????????????????????
?????????????????????????
4.2.2 ?????????
?????M\ ?/M???????????????????????????? 2.37?
?????????
?? 4.3.
(1) ?? F : Rn ! R [ f+1g ?M\ ???????x 2 domR F ? F ????????
??????? i; j 2 f0; 1; : : : ; ng????
F 0(x; i + j)  0
62 ? 4 ? M ????????????
??????????????
(2) ?? F : Rn ! R [ f+1g ?M???????x 2 domR F ? F ?????????
?????? i; j 2 f1; : : : ; ng????
F 0(x; i + j)  0
??????????????
????????? M\ ?/M ?????????? L\ ?/L ????????????
??????????????????????????M\ ?/M???????????
???????????????????????? M\ ?/M ?????????????
??????????????????????????????????????????
?M\ ?/M??????????????????????????
4.2.3 M????????????????????
M ???????? (MC) ???????????????????? [53]??????
???????? 4.4.3????????????????? [52, 88]??????????
???????????????????????????????
???????????? 4.2(2) ?????? (MC) ????????????????
?????????M????????????????????????????????
? 2.1.1???????? N = f1; 2; : : : ; ng????
?? 4.4 ([87, ?? 2.2]). argminZ f 6= ;??????y 2 domZ f ? h 2 N ??????
??????
(i) ?? i 2 N ?
f(y + i   h) = min
i02N
f(y + i0   h)
???????????? y 2 argminZ f ?????
y(i)  (y + i   h)(i) = y(i) + 1  h(i)
???? *1?
(ii) ?? j 2 N ?
f(y + h   j) = min
j02N
f(y + h   j0)
???????????? y 2 argminZ f ?????
y(j)  (y + h   j)(j) = y(j)  1 + h(j)
?????
*1 h(i)????i = h??? 1?i 6= h??? 0?????????
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?? (MC) ???????????????????????????????? y 2
domZ f ??????????????
M?????????????: NewGreedy(f;y)
Input: ??M??? f ???? y 2 domZ f
Output: f ???????
Step 0: y := y ????????? k 2 N ???? `(k) :=  1, u(k) := +1 ?
???
Step 1: `(h) < u(h)?????? h 2 N ???????
Step 2: `  y + i1   h  u ?????? f(y + i1   h) ????????
i1 2 N ?????
Step 3: `  y   i2 + h  u ?????? f(y   i2 + h) ????????
i2 2 N ?????
Step 4: ?? h = i1 = i2 ???? Step 5?????? h 6= i1 ???? Step 6??
??????????????? h 6= i2 ?????Step 7????
Step 5: `(h) := y(h), u(h) := y(h)????? Step 8????
Step 6: `  y + i1   j1  u ?????? f(y + i1   j1) ????????
j1 2 N n fi1g ?????`(i1) := y(i1) + 1, u(j1) := y(j1)  1, y := y+i1  j1 ?
???? Step 8????
Step 7: `  y   i2 + j2  u ?????? f(y   i2 + j2) ????????
j2 2 N n fi2g ?????u(i2) := y(i2)  1, `(j2) := y(j2) + 1, y := y i2 +j2 ?
???? Step 8????
Step 8: ???????? k 2 N ???? `(k) = u(k)??????f ????? 1
???? y ????????????????? Step 1????
??????????????????????????????????
???
?? 4.5. y 2 domZ f ? h 2 N ????????????
(i) ?? y 2 argminZ f ? y(h)  y(h)   1?????????????i 2 N ?????
i 6= h?? f(y + i   h) = mini02N f(y + i0   h)?????
(ii) ?? y 2 argminZ f ? y(h)  y(h) + 1?????????????j 2 N ?????
j 6= h?? f(y + h   j) = minj02N f(y + h   j0)?????
??. (i)????????(ii)????????f(y+i h)  f(y)???? i 2 N nfhg
?????????????h 2 supp+(y   y)??????f ????? (M-EXC[Z])?
????
f(y) + f(y)  f(y   h + i) + f(y + h   i) (4.4)
???? i 2 supp (y   y) ???????????? y 2 argminZ f ??????
64 ? 4 ? M ????????????
f(y +h  i)  f(y)???????? (4.4)?? f(y)  f(y  h +i)??????
?? i 6= h???????????
?? 4.6. i; j 2 N ? ;  2 Z?????????????????? y0;y00 2 argminZ f
????? y0(i)  ?? y00(j)   ????
(i) j 6= i??????? y 2 argminZ f ??????y(i)  ?? y(j)   ?????
(ii) j = i??    ??????? y 2 argminZ f ??????  y(i)   ?????
??. y0 ? y0(i)   ???? f ????????y00 ? y00(j)   ???? f ?????
???y00 ? y00(j)   ????????????? y00(i)???????????????
y00(i) < ???????????i 2 supp+(y0 y00)??????f ????? (M-EXC[Z])
????
f(y0) + f(y00)  f(y0   i + h) + f(y00 + i   h)
???? h 2 supp (y0   y00) ??????????????y0;y00 2 argminZ f ???
?????????? y0   i + h;y00 + i   h 2 argminZ f ??????????
y = y00+i h ????j 6= i????y 2 argminZ f ????y(j)  y00(j)  ???
? y(i) > y00(i)????y00 ?????????j = i??    ????y 2 argminZ f
????y00(i) < y(i)     ????y00 ????????????????????
y00(i)  ??????
???? ` 2 (Z [ f 1g)n ? u 2 (Z [ f+1g)n ?????f ??? [`;u]??????
? fu` : Zn ! R [ f+1g?
fu` (y) =

f(y) (`  y  u);
+1 (???) (y 2 Z
n) (4.5)
?????????M?????????????????????
?? 4.7 ([57, ?? 2.5]). ???? ` 2 (Z [ f 1g)n ? u 2 (Z [ f+1g)n ??????
(4.5)??????????? fu` : Zn ! R [ f+1g??
domZ f
u
` = fy 2 Zn j y 2 domZ f; `  y  ug 6= ;
??????M???????
????????????????
?? 4.8. ?????? NewGreedy??????? [`;u]??? f ????? 1?????
??. ??????????????????????????????????????
[`;u]? f ?????????????????
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???Step 4 ? h = i1 = i2 ?????????????? fu` ?? (4.5) ????
??????????? fu` ??? 4.7 ?? M ??????????????????
???argminZ fu`  argminZ f ???????? 4.4 ? fu` ????????? y0;y00 2
argminZ fu` ??????y0(h)  y(h)?? y00(h)  y(h)????????????????
? 4.6 (ii)???y(h)  y(h)  y(h)???? y 2 argminZ fu` ????????????
????Step 5? `(h)? u(h)???????[`;u]? f ???????
???Step 4 ? h 6= i1 ???????????? 4.4 (i) ? fu` ?????????
y0 2 argminZ fu` ??????y0(i1)  y(i1) + 1 ????????????? 4.4 (ii) ?
?? 4.5 (ii) ????? y00 2 argminZ fu` ??????y00(j1)  y(j1)   1 ???????
????????? 4.6 (i) ???? y 2 argminZ fu` ??????y(i1)  y(i1) + 1 ?
y(j1)  y(j1)   1 ????????????????Step 6 ? `(i1) ? u(j1) ??????
[`;u]? f ??????????????
Step 4? h 6= i2 ???????????????????????????
?????????? yout ???????????????????????? yout ?
yout = ` = u??????? yout ? [`;u]????????????????
?????? 4.8?? yout ? f ????????
????
????????????????
?? 4.9. Step 6???? Step 7????????ky   youtk1 ? 2???????
??. ????????????????????? ` ????????u ???????
??????? yout ????? [`;u] ????????Step 6 ?????????????
?Step 7 ???????????????Step 6 ?????????? y ? yold?????
ynew ??????????????? `? u? `new ? unew ?????
yout(i1)  `new(i1) = yold(i1) + 1 = ynew(i1) > yold(i1);
yout(j1)  unew(j1) = yold(j1)  1 = ynew(j1) < yold(j1)
????????kynew   youtk1 = kyold   youtk1   2 ??????
?? 4.10. ?????? NewGreedy??O(n+ ky   youtk1)??????????
??. ????????????????????? `????????u????????
???? h 2 N ?????? `(h) = u(h)??????????????????????
?????????Step 5??? n???????????ky   youtk1 ??? Step 5??
???????????? 4.9????Step 6? Step 7?????????? ky   youtk1
??? 2 ?????ky   youtk1 ????? ky   youtk1 ??????Step 6 ? Step 7 ?
ky youtk1=2????????????????? NewGreedy? O(n+ ky youtk1)?
?????????
66 ? 4 ? M ????????????
??????????? O(nTfunc) ????????????????????????
Tfunc ???????M??? f ??????????? y 2 Zn ??????? f(y)??
??????????????????????????????
?? 4.11. ?????? NewGreedy? O(nTfunc(n+ ky   youtk1)) ??????M??
? f ????? 1???????
??
?? 4.11????????? NewGreedy???????????????? y ????
?????????? M ??? f ???? yout ???????????????????
????????????????????????????? [63]??????????
????????????????????? f ???????? y ??? L1 ?????
?????????
??????????? f ??????????
f"(y) = f(y) + "ky   yk1 (y 2 Zn)
????????????? "??????????????"ky   yk1 ? y ??????
????????M????????????M?????????f" ?M???????
"????????????????y 2 argminZ f" ????????y 2 argminZ f ??
ky   yk1 = minfky   yk1 j y 2 argminZ fg ????????????????????
f" ???????????????
?????? NewGreedy????? f" ??????????"????????????
? Step 2, Step 3, Step 6, Step 7???????????????????
(Rule 1) `  y + i   h  u???????f(y + i   h)???????? i
??????????? y(i) < y(i)???? i?????????????????
????????????????
(Rule 2) `  y   i + h  u???????f(y   i + h)???????? i
??????????? y(i) > y(i)???? i?????????????????
????????????????
?? 4.12. ?????? NewGreedy? (Rule 1)? (Rule 2)??????????M??
? f ? 1????? y ????
ky   yk1 = minfky   yk1 j y 2 argminZ fg
????????????????????
O(nTfunc(n+minfky   yk1 j y 2 argminZ fg))
????
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????? SD?? O(n2TfuncK1)?????????????????????????
?? NewGreedy???n???? 1???????????????? n+minfky yk1 j
y 2 argminZ fg???????????????????????
4.3 ??????
4.3.1 M?????????????
L\ ?/L??????????????????? L\ ?/L??????????????
?M\ ?/M????????????????M\ ?/M???????????????
??????????????????????????? f ??(3.6)????? f ??
?????????
?? 4.13.
(1) ?? f : Zn ! R [ f+1g ?M\ ????f ?M\ ????????
(2) ?? f : Zn ! R [ f+1g ?M????f ?M????????
??????????M\ ?/M?????????????2???????? (2.83)?
??????????
?? 4.14.
(1) ?? f : Zn ! R [ f+1g ? 2?M\ ???????f ? 2?M\ ???????
(2) ?? f : Zn ! R [ f+1g ? 2?M???????f ? 2?M???????
(3) ?? f : Zn ! R [ f+1g ?????????f ?????????
??????????M\ ?/M?????????????????
? 4.1 ([65, ? 7.13]). Z4 ?????
S = fc1(1; 0; 1; 0) + c2(1; 0; 0; 1) + c3(0; 1; 1; 0) + c4(0; 1; 0; 1) j ci 2 f0; 1gg
?M???????????2x? S ???????? x???
S2 = fx 2 Z4 j 2x 2 Sg = f(0; 0; 0; 0); (1; 1; 1; 1)g
?M?????????????????????????????????? S ????
? f = S ?M???????S2 ?M??????????? S2 ????? f2 ?M??
?????
4.3.2 ???????????
M\ ?/M ????????????????? M\ ?/M ??????????????
??????????????????????M\ ?/M???????????????
68 ? 4 ? M ????????????
???? f ?????? (3.7)????????? x ?????f ???? x ?????
??????????????? 4.13????f ????? f ???????????
?? 4.15 ([62, ?? 6.37][79]). ????????
(1) f : Zn ! R[f+1g?M\??????x 2 domZ f ??????? i; j 2 f0; 1; : : : ; ng
????
f(x)  f(x + (j   i))
????argminZ f 6= ;?????
x   n(  1)1  x  x + n(  1)1
???? x 2 argminZ f ??????
(2) f : Zn ! R[ f+1g ?M??????x 2 domZ f ??????? i; j 2 f1; : : : ; ng
????
f(x)  f(x + (j   i))
????argminZ f 6= ;?????
x   (n  1)(  1)1  x  x + (n  1)(  1)1
???? x 2 argminZ f ??????
4.3.3 ???????
L\ ????????????????????????M??? f ??????????
?????????????????????????
M??????????????????????: SCALING(f;x)
Input: ??M??? f ???? x 2 domZ f
Output: f ???????
Step 0: k := dlog2K1e, yk+1 := 0????
Step 1: k := 2
k ????
fk(y) := f(x+ ky), domZ fk := fy 2 Zn j 2yk+1   n1  y  2yk+1 + n1g
???????? SD(fk, 2yk+1)?????????????? yk ????
Step 2: k = 0??? x+ y0 ????x+ y0 ? f ?????????
Step 3: k := k   1??? Step 1???.
??????????????????????????????????????? fk
?M??????????????????f ? 2?M????????????????
??????????M??????????????????????????????
?????? [52]?
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???????? fk ? M ????????????????????????????
? Step 1?????????? SD(fk, 2yk+1)????? O(n3)?????? Step 1??
Step 3????????? (dlog2K1e+1)?????????????? O(n3dlog2K1e)
???????????????????????????? [88]?
??? M ???????????????????????????Shioura [88] ?
Tamura [91]??????????????????? Shioura?????????????
??????????????????????????????????????????
1??????????????????? k ????????? Tamura???????
????????????????????????????????????
4.4 ????
4.4.1 M??????????????
M\ ?/M ?????????????????? 2.24 ??? 2.26 ??????????
????????M\ ?/M???????????????????
?? 4.16.
(1) M\ ??? f : Zn ! R [ f+1g?????????.
(2) M??? f : Zn ! R [ f+1g?????????.
????M\ ?/M????M\ ?/M????????????????M\ ?/M???
?????????????????????????? M\ ?/M ???????????
?????????????M\ ?/M???????????????????? L\ ?/L
?????????????
????????????????????? M\ ?/M ????????? M-EXC[R],
M\-EXC[R]?  = 1??????????????????M\ ?/M?????????
???????????
?? 4.17.
(1) ?????M\ ??????? (3.9)???????M\ ??????????
(2) ?????M??????? (3.9)???????M??????????
??????M\ ?/M??????????????? 2.12 ???? 2????????
???? (2.97), (2.98) ???????????? 2??????????M\ ??????
??? 2.33???? (2.99) ???????????? 2??????????M??????
??? 2.35??
???????????????????????
?? 4.18.
(1) ?????M\ ??????? (3.10)???????M\ ???????
70 ? 4 ? M ????????????
(2) ?????M??????? (3.10)???????M???????
?????????????????????????????????????????
????????????????????????????????
?? 4.19.
(1) M\ ???? S ?????????????? S \ Zn ?????M\ ???????
???????S ????????????????????????S \ Zn ???? M\
?????? *2?
(2) M???? S ?????????????? S \ Zn ?????M????????
??????S ????????????????????????S \ Zn ????M??
?????
?? 4.20.
(1) ???M\ ????????M\ ????????
(2) ???M????????M????????
4.4.2 ?????????
?????????????????????????????????????????
?????????? 2???????????????????????????????
????????????? (MC) ?????????????? (MC)?????????
(MC)????? L1 ??? n  1??????????????? [53]?
?? 4.21 ((MC)???? L1 ???????). n  2????
(i) (MC) ??????? y 2 Zn ?????(MC) ?????? x 2 Rn ?????
kx   yk1 < n  1????.
(ii) (MC) ??????? x 2 Rn ????, (MC) ?????? y 2 Zn ?????
ky   xk1 < n  1????.
????????? 4.7.1?????. ??????(MC)??????????????
(MC)????????????????????? 4.21???? n  1?????????
???? 4.6.3??? 4.3?????????????????????
?? L1 ??????????????????????? 4.21???(MC)??????
??????????
? 4.22 ((MC)???? L1 ???????). n  2????
(i) (MC) ??????? y 2 Zn ?????(MC) ?????? x 2 Rn ?????
*2 S ???????????????? [a; b]Z ?????? S \ [a; b]Z ?????????????????
???(2)????????
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kx   yk1 < n(n  1)????.
(ii) (MC) ??????? x 2 Rn ?????(MC) ?????? y 2 Zn ?????
ky   xk1 < n(n  1)????.
4.4.3 ?????
?????????? M ???????? (MC) ?????????????????
4.2.3?????????????????
f : Zn ! R [ f+1g?M??????????F (y) = f(y) (8y 2 Zn)??????M
??? F : Rn ! R[ f+1g?????????domR F ? domZ f ???????????
??f ?????????????????????
M????????????????????: RELAX(f; F )
Input: ??M??? f ??????M??? F
Output: f ???????
Step 1: ??M??? F ????? 1?????x 2 domR F ????
Step 2: ky   xk1 < n??????????????y 2 domZ f ????
Step 3: y ?????????????? NewGreedy?M??? f ?????????
domR F ??M??? domZ f ???????????????????????????
4.20????????? x 2 domR F ????????????? y 2 domR F \Zn = domZ f
??????ky   xk1 < 1??????????? y ? ky   xk1 < n?????
? 4.4.2?????????????????????????????????????
?? Trelax ? (MC) ???????????????????????Tround ? (MC) ??
???????? x 2 Rn ? (MC) ?????? y 2 Zn ??? ky   xk1 < n ?????
????????????????????. K1 ?? (3.5) ?????????????
Tround = O(n
2 logK1)??? [87]?
?? 4.23. ??????? (MC) ?????????????? RELAX ??????
O(Trelax + Tround + n
3Tfunc)???.
??. ? 4.22????? y 2 argminZ f ??????ky   xk1 < n(n  1)??????
???Step 2???????? y ?
ky   yk1  ky   xk1 + kx   yk1 < n(n  1) + n = n2
????????????? 4.12 ???????Step 3 ??????? NewGreedy ?
O(n3Tfunc)???????????
Step 1 ???????????????? (MC) ??????????? Trelax ????
Step 2??????? Tround ???????????? RELAX? (MC)????????
???O(Trelax + Tround + n3Tfunc)?????????
72 ? 4 ? M ????????????
? 4.1. ????M\ ????????????
?? ??????
SD ????? (? 4.2.1?)
SD2 ??????? [52]
SCALING ??????? (? 4.3.3?)
RELAX ????????? (? 4.4.3?)
?? 4.1. ?????(MC)??????????????????????(MC)?????
?????xa 2 Rn ???????????????????(MC)?????? x 2 Rn ??
?? kxa xk1  n????????????????????????????????
Trelax-apx ?????????? Trelax-apx ? Trelax ???????????? 4.21?? (MC)
???? y 2 Zn????ky xak1  ky xk1+kx xak1  2n????????
???????. ????????????? 4.23?????O(Trelax-apx+Tround+n3Tfunc)
???????
(MC)?????? 4.2.2?????????????????????????????
???????????????????????????????(MC) ????????
xa ??(MC)?????????????????????[88]? (MC)?????????
???? (MC)?????????
O((n3 + n2 log(K1=n))(log(K1=n)= log n)Tfunc)
?????????????????????????? f ????????? O(Tfunc)?
??????????????? Trelax-apx ??????????????????????
O((n3 + n2 log(K1=n))(log(K1=n)= log n)Tfunc)
???. ???????????? (MC)?????? [52, 87, 88, 91]??????????
??????????????????????????????????????? (MC)
????????????????????????? 4.5???????????????
???????????
4.5 ?????
?????????????????????????????????????????
???????????????????????????????
? 4.1??? 4?????M\ ????????????? C?????????????
????????????????
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 Nocedal ??? `L-BFGS' *3 ??????? C++ ?????????? *4 ??
????????????????????? [44]????????????????
?????????????????1????????? n+ 1?????????
???????????? RELAX??????????????????
 ???????? `SIMD-oriented Fast Mersenne Twister' *5 ???????????
???????????????
?????????M\ ????
f(x) =
X
X2T
faXx(X)2 + bXx(X) + cXg (x 2 Zn)
?????????????? T ???????????????????? M\ ????
??
F (x) =
X
X2T
faXx(X)2 + bXx(X) + cXg (x 2 Rn)
?????1?? n??? 10??????????????????X 2 T ????
0 < aX  1000;
 1000  bX  1000;
 1000  cX  1000
????????????????????????????
 10n  p0(i)  10n
????????????????????
?????? HP dx5150 SF/CT, AMD Athlon 64 3200+ processor (2.0GHz, 512KB L2
cache), 4GB memory, Vine Linux 4.1 (kernel 2.6.16), gcc 3.3.6????
??????? 4??????????SD, SD2, SCALING, RELAX?????????
????M\ ????????????????????????????????????
??????????????????????????????????????? 4.1?
?????? 4.1?????????????????????????? C???????
?? n????? 4.1???????????????????????? T???????
?? n??????????????? C ???????????????? logC ? log n
?????????????????????? l???? C = O(nl)??????????
???? T ???????? T = O(nl)?????l??????????????????
? 4.2??????RELAX??????????????????????
?????????????????????????????????????????
???????M\ ????????????????????
*3 http://www.ece.northwestern.edu/~nocedal/lbfgs.html
*4 http://chasen.org/~taku/software/misc/lbfgs/
*5 http://www.math.sci.hiroshima-u.ac.jp/~m-mat/MT/SFMT/
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103
104
105
106
 10  100
,
 
C
, n
SD (an3.9)
SD2 (bn2.8)
SCALING (cn2.5)
RELAX (dn1.8)
 0.01
 0.1
 1
 10
 10  100
,
 
T(
)
, n
SD (an4.5)
SD2 (bn3.8)
SCALING (cn3.8)
RELAX (dn3.0)
? 4.1. M\ ????????????????????????
? 4.2. M\ ???????????????????
?????? SD SD2 SCALING RELAX
?????? C n3:9 n2:8 n2:5 n1:8
???? T n4:5 n3:8 n3:8 n3:0
4.6 ????????????? 75
4.6 ?????????????
??????M???????? (MC)???????????????????????
?????? 2????????????????????????????
4.6.1 ??????
?????????????????????????????????????????
??????????????????????????????????????????
???????
?????????????????????????????????????????
?????????????????????????????????????????
??????????? 1??????
?????????????????????????????????????????
?? 1???????????????????????????????
???????????????????M ???????? (MC) ?????????
????????????????M???????????? n???????????
???????????????????????????????????? [33]????
??????????????????????????????????????????
?????????????????????????????????????????
???
?????? (MC)????????????????????????????????
???? (Laminar)???????????????? (SC)??????????????
??????????????????????????????????????????
??????????????????????????????????????????
??(SC)????????????????????????
????????????
???????????? (Laminar)??
(Laminar) Minimize
X
Y 2F
FY (x(Y ))
subject to x(N) = K;
`Y  x(Y )  uY (Y 2 F);
x  0; x 2 Zn
??????? ([52],[62, ? 6.3?])?????F  2N ??????, FY : R! R (Y 2 F)
? 1 ????????, K 2 Z+, `Y ; uY 2 Z+ (Y 2 F) ???????????????
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???
; 62 F ; N 2 F ; fig 2 F (8i 2 N) (4.6)
???????????????jFj = O(n) ???????????
?????? (Laminar) ????????????????. (Laminar) ???????
(Laminar)? (Laminar)???????x 2 Zn????????????
???????????? (Laminar) ? M ???????? (MC) ??????????
??????? f : Zn ! R [ f+1g ?
f(x) =
8<:
X
Y 2F
FY (x(Y )) (x 2 Zn? (Laminar)???????????);
+1 (???)
???????(M-EXC[Z]) ????????? ([52, ? 2.3],[62, ? 6.3?]). (Laminar) ?
(MC)???????????????????????????????????????
?????????????????????????
?? (Laminar)??????????????????????????????????
?????????????
V = fvY j Y 2 Fg; A = f(vX ; vY ) j Y 2 F n fNg; X = p(Y )g
??????????? T = (V;A)?????????? vN ? T ????????????
???????? T ?????????????p(Y ) 2 F ? Y 2 F n fNg?? (parent)
?????Y ????????? p(Y )  Y ?? p(Y ) 6= Y ????F ?????????
??????????????. ???jXj  2???X 2 F ?????X = p(Y )????
Y 2 F ? X ?? (child)?????? (4.6) ??jXj  2?????? X 2 F ?????
?? 1????????????????
??????????????? vN ?????????????????????vN ?
????????????????? (i; j) 2 A???? '(i; j)????????????
???
'(i; j) 2 Z (8(i; j) 2 A)
??????????X
f'(vN ; vY ) j vY 2 V; (vN ; vY ) 2 Ag = K;X
f'(vX ; vY ) j vY 2 V; (vX ; vY ) 2 Ag = '(vp(X); vX) (8vX 2 V; vX 6= vN )
?????? (vp(Y ); vY ) 2 A??????????????? FY???????? uY ??
? `Y ??????????? (Laminar) ???????????????????????
??? (Laminar)??????????????????????????????????
????????????
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???????????????
??????????????? (SC)??
(SC) Minimize
nX
i=1
Fi(x(i))
subject to x(N) = (N);
x(Y )  (Y ) (Y 2 2N );
x  0; x 2 Zn
??????? [17, 29, 33, 38]???? Fi : R ! R (i 2 N) ? 1 ?????????
 : 2N ! Z+ [ f+1g ????????????????(;) = 0?? (N) < +1???
????
??????????????? (SC)???????????????????????
???? [17, 33, 38]??????????????? [22, 25, 29, 30]?????????
??????????????? (SC)?M???????? (MC)??????????
??????? f : Zn ! R [ f+1g?
f(x) =
8><>:
nX
i=1
Fi(x(i)) (x 2 Zn? (SC)???????????);
+1 (???)
??????(M-EXC[Z]) ????????? ([58, ? 2.2],[62, ? 6.3?]).
??????????
??????????????? (SC) ????????????????????
? [29, 30]??????????????1???????????? (Simple)????
(Simple) Minimize
nX
i=1
Fi(x(i))
subject to x(N) = K;
0  x  u; x 2 Zn
????????????Fi : R! R (i 2 N)? 1?????????K 2 Z+ ?? u 2 Zn+
????
?? [29, 30]????????? (SC)?????????? (Simple)?????????
??????
 ?????????????? (GUB)???? (Simple)?
x(St)  uSt (t = 1; 2; : : : ;m)
???????????????????fS1; S2; : : : ; Smg? N ???????uSt 2
Z+ (t = 1; 2; : : : ;m)????
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?? (= =) ??

(Nest) 
(Network)  (SC)
(Simple) (Tree) (MC)
(GUB)
 
(Laminar)

? 4.2. ?????????????
 ????????????? (Nest)???? (Simple)?
x(St)  uSt (t = 1; 2; : : : ;m)
???????????????????fS1; S2; : : : ; Smg? N ?????????
????????? ; 6= S1  S2      Sm  N ????uSt 2 Z+ (t = 1; 2; : : : ;m)
????
 ????????????? (Tree)???? (Simple)?
x(Y )  uY (Y 2 F)
???????????????????F( 2N )?????uY 2 Z+ (Y 2 F)??
????????(Tree)? (Laminar)???????????
 ???????????????? (Network)??1???????????????
????????????? V???? A???????? G = (V;A)??????
???s 2 V ?????????????N = f1; 2; : : : ; ng ( V ) ????????
??????????????????K 2 Z+ ???????? (i; j) 2 A????
c(i; j) 2 Z+ ?????? fx(i) j i 2 Ng???????? f'(i; j) j (i; j) 2 Ag??
???????? (Network)????????????????????? x(N) = K
????????????????????X
f'(s; j) j j 2 V; (s; j) 2 Ag  
X
f'(j; s) j j 2 V; (j; s) 2 Ag = K;X
f'(i; j) j j 2 V; (i; j) 2 Ag  
X
f'(j; i) j j 2 V; (j; i) 2 Ag =  x(i) (8i 2 N);X
f'(i; j) j j 2 V; (i; j) 2 Ag  
X
f'(j; i) j j 2 V; (j; i) 2 Ag = 0
(8i 2 V n (fsg [N));
0  '(i; j)  c(i; j) (8(i; j) 2 A); 0  x  u; x 2 Zn:
?????????????????????????????? 4.2 ????????
??(SC), (Simple), (GUB), (Nest), (Tree), (Network) ???????????x 2 Zn???
?????????????? (SC), (Simple), (GUB), (Nest), (Tree), (Network) ????
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4.6.2 ?????????????????????
?????????????????????????????????????????
????????? (Simple)
Weinsten{Yu [98]?????????? (Simple)??????????????????
????????????????????n ????????? (Simple) ???????
????? T Simple (n) ??????O(T Simple (n) + n log n) ????(Simple) ??????
????? [98]????????????????
(Simple)??????? x 2 Rn ?????(Simple)?????? y 2 Zn ????
??ky   xk1 = O(n)?????
????????? Ibaraki{Katoh [33, ? 4.6?]????Weinsten{Yu????????
????????? O(T Simple (n) + n) ?????????? 2 ????????????
(Simple)? Brucker??????? [7]????????????????2?? (Simple)?
Ibaraki{Katoh??????????? O(n)??????????????
?????????????? (GUB)
Hochbaum [29] ??????????????? (GUB) ?????????? (Simple)
???????????????????(GUB)? 2??????????????O(n)?
??????????????
?? (GUB)??? (Simple)????????????????? 4.6.1?????????
(Simple)??
(Simple) Minimize
nX
i=1
Fi(x(i))
subject to x(N) = K;
0  x  u; x 2 Zn
???????(GUB)??
(GUB) Minimize
nX
i=1
Fi(x(i))
subject to x(N) = K;
x(St)  uSt (t = 1; 2; : : : ;m);
x  0; x 2 Zn
????????????fS1; S2; : : : ; Smg? N ???????uSt 2 Z+ (t = 1; 2; : : : ;m)
???????? (GUB)??????????(Simple)????????????????
?????
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?? (Simple) ?? x ? i (2 N) ???????? u(i) ??????????(GUB) ??
N ??? St ???? x(St)?????? uSt ?????????????????????
???????????????? (Simple)???????????????????N ?
?? St ??? (Simple)? 1????????
(Simple(t)) Minimize
X
i2St
Fi(x(i))
subject to x(St) = uSt ;
x  0; x 2 Zn
??????????? (Simple(t)) ???????? (Simple(t)) ???? (Simple) ???
???x???????????????????????????????? St ????
(Simple(t))????????? xt ?? St ???????? u(i) = xt(i) (i 2 St)??
???u ????????????????????? (Simple)??????????
???? (GUB)????
Pn
i=1 Fi(x(i))???????????????? u
 ?????
? x  u ???????????????????? (Simple)????????????
??????????????????????? (GUB)????????
?????? (GUB)???????????????????????????????
??????????????????? [29, ?? 6.2.1]?
???????????????? (IP)
Hochbaum{Shanthikumar [31]????????????????????????
(IP) Minimize
nX
i=1
Fi(x(i)) subject to Ax  b; x 2 Zn
?????????????????Fi : R! R (i 2 N)? 1?????????A?m?
n??????????b 2 Zm ?????? A?????????????? 2 Z+ ??
????????? (IP)??????? (IP)??(IP)???????x 2 Zn???????
??????????
?? [31] ??????????????????? (IP) ???????????????
???????????(IP)?????????????????????
?? 4.24 ([31, ?? 3.3]).
(i) (IP) ??????? y 2 Zn ?????(IP) ?????? x 2 Rn ?????
kx   yk1  n?????
(ii) (IP) ??????? x 2 Rn ?????(IP) ?????? y 2 Zn ?????
ky   xk1  n?????
???(SC)? (IP)? = O(2n)??????????????????(Simple), (GUB),
(Nest), (Tree), (Network), (Laminar) ?????? (IP) ?  = 1 ???????????
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??????????????Granot{Skorin-Kapov [24]????????? 2?????
(IP)??????????????????????????????
??????????????? (SC)
Hochbaum [29]????????????????? (SC)??????????????
???????????????????
?? A ([29]?? 4.3)
(i) (SC)??????? y 2 Zn ?????(SC)?????? x 2 Rn ??????
y   1 < x < y + n1?????
(ii) (SC)??????? x 2 Rn ?????(SC)?????? y 2 Zn ??????
y   1 < x < y + n1?????
?? A? (ii)????????? u = x + 1?????? (SC)???????????
???????????????????????????? 4.2????????????
?????????????? 2 ?? (Simple) ??????? (SC) ??????????
??u?????????????????????
? 4.2. ?????????  < 1 ?????(Simple) ?????K = n   1, u(i) = +1
(i 2 N),  2 R?????????
F1() = ;
Fi() = (  0:5 + )2 (i = 2; 3; : : : ; n)
???????????Fi(1)   Fi(0) = 2 >  (i = 2; 3; : : : ; n) ???????????
??(Simple)???? y 2 Zn ??? 1???y = (n  1; 0; : : : ; 0)??????????
? Fi ????? = (1  )=2????  ????? > (1  )=2????  ??????
(i = 2; 3; : : : ; n)??????????? (Simple)???? x 2 Rn ???? 1???
x =

(n  1)(1 + )
2
;
1  
2
;
1  
2
; : : : ;
1  
2

?????????? ??????????????????
y(1)  x(1) = (n  1)  (n  1)(1 + )
2
=
(n  1)(1  )
2
???????????????n  4???? y(1)  x(1) > 1???????????
? y   1 < x ????????
Hochbaum [29]?????????Hochbaum{Hong [30]????????? 2?? (SC)
???????????????????????????????????????? 2?
??????? (Nest)?(Tree)?(Network)??????????????????????
????
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?? 4.25 ([30]).
(i) (Nest)? (Tree) ??????? 2????? O(n log n)???????????????
(ii) (Network) ??????? 2????? O(jV kAj log(jV j2=jAj))???????????
????
????????????????????? A?????????? 2????? (Nest),
(Tree), (Network)???????????????? [30]??????????(Nest)??
O(n logn)?(Tree)?? O(n log n)?(Network)?? O(jV kAj log(jV j2=jAj))???????
???????? A?????????????????????????
?? A???????? 4.24 (ii)?????????????????????????
????(Nest), (Tree), (Network)????? 4.24?? 1????????????
? 4.26. x 2 Rn ? (Nest) ????? (Tree) ? (Network)??????????????
(Nest) (???? (Tree)? (Network)) ?????? y 2 Zn ??????y  x   n1 ?
? ky   (x   n1)k1 = O(n2) ?????
??????(Nest), (Tree), (Network)?????????????????? ` = x n1
??????????????????????? [30] ????????(Nest), (Tree),
(Network)????? O(n2 log n), O(n2 log n), O(n2jAj+ jV kAj log(jV j2=jAj))?????
??????????????? [30]???????????? n??????????
????????? (SC)????? (?? 4.27)????(Nest), (Tree), (Network)???
?????????????????????????
4.6.3 ?????????
? 4.4.3 ?????????????M ???????? (MC) ?????????
(Laminar), (Nest), (Tree), (Network)??????? 4.22????????(MC)?????
???? L1??????? n(n 1)?????(SC)? (Laminar)????????????
? 2(n  1)???????(SC)? (Laminar)????????????? (SC)? (Laminar)
????
?? 4.27 ((SC)???? L1 ???????).
(i) (SC) ??????? y 2 Zn ?????(SC) ?????? x 2 Rn ?????
kx   yk1 < 2(n  1)????.
(ii) (SC) ??????? x 2 Rn ?????(SC) ?????? y 2 Zn ?????
ky   xk1 < 2(n  1)????.
?? 4.28 ((Laminar)???? L1 ???????).
(i) (Laminar)??????? y 2 Zn ?????(Laminar)?????? x 2 Rn ????
? kx   yk1 < 2(n  1)????.
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(ii) (Laminar)??????? x 2 Rn ?????(Laminar)?????? y 2 Zn ????
? ky   xk1 < 2(n  1)????.
?? 4.27????? 4.7.2????? 4.28????? 4.7.3?????.
???????????????????????????????(SC)? (Laminar)?
?????????????????? (Simple)???????
? 4.3.  ???????????????? = 3(1   )    = 2   32 (> 0) ????
K = n  1, u(i) = +1 (i 2 N),  2 R ????(Simple)??????
f1() = 2;
fi() = max
n
 

(  ); 3(  )
o
(i = 2; 3; : : : ; n)
??????????
?????i = 2; 3; : : : ; n?????
fi(+ 2)  fi(+ 1) = 3 >  = fi(1)  fi(0) (8 2 Z+);
fi(1)  fi(0) =  < 2 = f1(+ 1)  f1() (8 2 Z+)
???????????????????? y = (0; 1; : : : ; 1) ? (Simple) ???????
??????????????? fi (i = 2; 3; : : : ; n) ???? 2 ???????????
???? [0; ] ???? fi ????  = ?????? f1 ??? 2 ??????????
? [;+1) ???? fi ???? 3 ????2 ???????????????????
(Simple)???? x 2 Rn ??? 1??????x = ((n  1)(1  ); ; : : : ; )????
?????
ky   xk1 = (n  1)(1  );
ky   xk1 = 2(n  1)(1  )
???????L1 ??? n  1??L1 ??? 2(n  1)????????????????
??
4.6.4 ?????????
????????????????????????????????????????
????????? 4.4.3???????????? M???????? (MC) ?????
???????????????????????? (MC) ??????????????
???????????????Hochbaum{Hong [30] ????????2 ???????
(Laminar)? (SC)????????????????????????????? 2???
?????????????????????????????????? [7, 30, 90]. ??
???????????????????????????????????2??????
? (Laminar)? (SC)???????????????????????
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(Laminar)??????????? 2?????Tamir [90]?????????? O(n3)?
??????????????????????????? 4.24???? (IP)??????
???? [24]????? 4.6.5????????? (Laminar)???????? (?? 4.28)?
????????????????????????????????
?? 4.29. ???????????? (Laminar)??????? 2??????O(n2)??
????????
(SC)????????????????????????? (Network)????????
??? 2?????Hochbaum{Hong [30]???????????????????????
????Hochbaum [29]???????????????????????????????
???????????? 4.6.2???????????????????????????
???????????????????????????????? 4.6.6???????
???????? (?? 4.27)??????????????????????? (Network)
? [30]??????????????????????????????? (Network)???
?????????????????????
??????????????????????????? 4.3???????
4.6.5 ????????????????
? 4.4.3 ??????????? RELAX ?????????????? (Laminar) ??
???????????? 2?????????????????? 4.29????????
???(Laminar)??????????????????????????????????
??????????????? 4.1??????????? F ?????????????
?????????? X 2 F ???? X ??? O(k)?????????????????
??? k ? X ????????????X 6= N ???? X ??? O(1)????????
????(Laminar)?????????????? fX (X 2 F) ?????????????
???????
???2????????? (Laminar)???? x 2 Rn ???????????????
???????????? 2?????????????????????Tamir?????
?? [90]? O(n2)???????????????????Step 1??????? RELAX
??????? 2??????O(n2)??????????
???(Laminar) ???? x 2 Rn ????????? (Laminar) ??????????
???????????????????????????????? `Y  x(Y )  uY
(Y 2 F)???????????????????????????????? y 2 Zn ??
??????? Y 2 F ????
(`Y ) bx(Y )c  y(Y )  dx(Y )e ( uY ) (4.7)
?????[2, 84]?????????? y ? (Laminar)?????????????????
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? 4.3. ????????????
????? ??????? ????? 2????????
L1 L1 ???? ??
(MC)
n  1 (?? 4.21)
|
n(n  1) (? 4.22)
|
1
|
1 (?? 4.23)
1 [88]
(SC)
?
O(n2n) [31]
2(n  1) (?? 4.27)
|
? ?
(Network)
?
n [31]
?
|
2 [30]
2 (?? 4.31)
3 (? 4.26)
(Laminar) ?
2(n  1) (?? 4.28)
|
|
O(n2) [90]
O(n2) (?? 4.29)
O(n3) [90]
(Tree) ? ?
|
O(n log n) [30]
?
4 (? 4.26)
(Nest) ? ?
|
O(n log n) [30]
?
4 (? 4.26)
(GUB) ?
?
? [29]
|
? [29]
|
? [29]
(Simple) ?
?
O(n) [98]
|
O(n) [7]
|
O(n) [33]
1 : O((n5 + n4 log(K1=n))(log(K1=n)= log n))
2 : O(jV kAj log(jV j2=jAj))
3 : O(n2jAj+ jV kAj log(jV j2=jAj))
4 : O(n2 log n)
??????????
??????????
|????????
?????????
?????????
??????????
????? i 2 N ???? fig 2 F ???????? (4.7)?? ky   xk1 < n?????
? (4.7) ?????????? y 2 Zn ??????????? O(n) ????????
??? Y 2 F ???? `0Y = bx(Y )c ?? u0Y = dx(Y )e??????? Y 2 F ????
`0Y  y(Y )  u0Y ???????? y 2 Zn ??????????
`0Y  'Y  u0Y (8Y 2 F);
'N = K;
'X =
X
f'Y j Y 2 F ; Y ? X ?? g (8X 2 F ; jXj  2)
???? 'Y (Y 2 F)??????????????????????
Step 0: 'N = K ????
Step 1: 'Y ??????? Y 2 F ?????????????y(i) = 'fig (i 2 N)
?????????? y 2 Zn ???????????????
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Step 2: X 2 F ????jXj  2 ?????? 'X ????????????
X ?????? Y ????? 'Y ?????????????????????
????Y1; Y2; : : : ; Yk 2 F ? X ??????????t = 1; 2; : : : ; k ?????Pk
t=1 'Yt = 'X ?????????`
0
Yt
???? u0Yt ???????????????
'Yt ??????Step 1????
Step 2? O(k)?????????????????`0Y ; u0Y ???
u0Y = `
0
Y ??? u
0
Y = `
0
Y + 1 (8Y 2 F);
kX
t=1
`0Yt  `0X  u0X 
kX
t=1
u0Yt
(8X 2 F ; jXj  2; Y1; Y2; : : : ; Yk 2 F ? X ??)
?????????????jFj = O(n)??????????????? O(n)?????
???????????????????? RELAX? Step 2? O(n)?????????
?????????
?????????? RELAX ? Step 3 ? O(n2) ?????????????????
Step 2????????? y 2 Zn ? ky   xk1 < n???????(Laminar)????
? (?? 4.28) ???(Laminar)?????? y 2 Zn ??????
ky   yk1  ky   xk1 + kx   yk1 < 2(n  1) + n < 3n
????????????????????? RELAX? Step 3?????? NewGreedy
???? 4.12??? O(n)??????????
?????? NewGreedy? 1??????????? O(nTfunc)????jFj = O(n)?
?????????????????? Tfunc ? O(n) ?????????????????
NewGreedy ?????? O(n2) ??????????????????????????
????????? O(n)?????????????????????????
???? (Laminar) ???????????????????????????????
????????????????????????[2] ???????(Laminar) ????
??????? y 2 Zn ?????????? Gy = (V;Ay) ?????????????
V = fvY j Y 2 Fg?????? Ay ?
Ay = f(vp(Y ); vY ) j Y 2 F n fNg; y(Y ) < uY g [ f(vY ; vp(Y )) j Y 2 F n fNg; y(Y ) > `Y g
??????????????????
 (vp(Y ); vY )??????????? fY (y(Y ) + 1)  fY (y(Y ))????
 (vY ; vp(Y ))??????????? fY (y(Y )  1)  fY (y(Y ))????
???fY ??????????
fY (y(Y ) + 1)  fY (y(Y ))

+

fY (y(Y )  1)  fY (y(Y ))
 0
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?????????????? Gy ??????????????????????
i; j 2 N ????????? y   i + j ? (Laminar) ???????????????
? vfig ?? vfjg ????????????????????????? i; j 2 N ????
y i+j ???????????fsum(y i+j) fsum(y)?????? vfig?? vfjg??
?????????????????????y0 2 Zn???? fsum(y0) =
P
Y 2F fY (y
0(Y ))
????????????????????????? Gy ???????????????
??????????? 1 ?????????????????????????????
??? i 2 N ????????? j 2 N ???? vfig ?? vfjg ????????????
??O(n)????????????????????????? i 2 N ?????????
j 2 N ????????? vfjg ?? vfig ???????????????O(n)?????
???????????????????????? NewGreedy????? O(n)????
??????????????
??????????????????? 2 ??????(Laminar) ? O(n2) ?????
???????????????? 4.29???????(Nest)? (Tree)? (Laminar)???
??????????? 4.29????????????????
? 4.30. ?? (Nest)??? (Tree)??????? 2??????O(n2)????????
???????
?? 4.25(i)????(Nest)? (Tree)??????????????? (Nest)? (Tree)??
???? (Laminar)????O(n2)?????? O(n log n)???????????????
?????? (Nest)? (Tree)???Step 3? O(n2)??????????????????
RELAX???????????????????(Nest)? (Tree)?????? 2????
??O(n log n)???????????????????????????????????
4.6.6 ????????????????????
? 4.4.3??????????? RELAX??(SC)?????????????????
???????? (Network)??????????? 2?????????????????
????(Network)?????????????? fi (i 2 N)??????????????
?????????
????????? RELAX ? Step 1 ??????? (Network) ??????????
4.25????(Network)??????? 2??????O(jV kAj log(jV j2=jAj))??????
?????????????V ? A?????????????????????????
?????????N = f1; 2; : : : ; ng????????????V ?????????
????????????? x 2 Rn ??????????????????????
(x;') 2 Rn RjAj ? (Network)????????(Network)?????????????
???????????????????? y 2 Zn ?  2 ZjAj ?????????(y; )
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? (Network)????????????
bx(i)c  y(i)  dx(i)e (8i 2 N); b'(a)c   (a)  d'(a)e (8a 2 A) (4.8)
???? ([2, 84] ?????)?????? (y; ) ???????????????
??????????????????Goldberg{Tarjan [23] ??????????
O(jV kAj log(jV j2=jAj)) ?????????????????????????? RELAX
? Step 2 ? O(jV kAj log(jV j2=jAj)) ????????????????? (4.8) ???
ky   xk1 < n??????????
?????????? RELAX? Step 3? O(n(jV j+ jAj))?????????????
????Step 2???????? y 2 Zn ? ky   xk1 < n????????(SC)???
?? (?? 4.27)??????????(Network)???? y 2 Zn ??????
ky   yk1  ky   xk1 + kx   yk1 < 2(n  1) + n < 3n
???????????????RELAX ? Step 3 ???????????? NewGreedy
???? 4.12?? O(n)????????????????Step 3?????? NewGreedy
????????????????????????O(jV j+ jAj)????????????
???
?????????????????????????????[2]???????(Network)
??????????? (y; ) 2 ZnZjAj ??????????G = (V;A )?????
?? A ?
A = f(h; k) j (h; k) 2 A;  (h; k) < c(h; k)g [ f(k; h) j (h; k) 2 A;  (h; k) > 0g
??????? c(i; j) 2 Z+?? (i; j)???????i; j 2 N ????????? y i+j
? (Network)??????????????0  y   i + j  u???G ??? i?? j
??????????????????????????
fsum(y   i + j)  fsum(y) =

fi(y(i)  1)  fi(y(i))

+

fj(y(j) + 1)  fj(y(j))

??????????y0 2 Zn ???? fsum(y0) =
P
k2N fk(y
0(k))???????????
??????????????????? i 2 N ??????? i?? G ????????
????? O(jV j+ jAj)????????????????????????? i 2 N ??
????? i?????? G ?????????O(jV j+ jAj)?????????????
???????????????? NewGreedy????? O(jV j + jAj)????????
??????????
?????????? 4.25 (ii)???????? 2???? (Network)????????
????????????
?? 4.31. ???????????????? (Network) ??????? 2 ??????
O(jV kAj log(jV j2=jAj))???????????????
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4.7 ???????
????? 3????????????? [53]?
4.7.1 M????????????????
M???????? (MC)??????????? 4.21???????????????
????(MC)?????????????? (GMC)
(GMC) Minimize F (x) subject to x 2 domR F \ Zn
?????????????????F : Rn ! R [ f+1g ???????? M ????
????? 4.1 ????????????? M ??? f : Zn ! R [ f+1g ??????
???????? M ??? F : Rn ! R [ f+1g ????????? x 2 Zn ????
F (x) = f(x) ????????? (GMC)? (MC)??????????????????
(GMC)??????????????
(GMC) Minimize F (x) subject to x 2 domR F
????????? (GMC)?????????
?? 4.32.
(i) (GMC)??????? y 2 Zn ?????(GMC)?????? x 2 Rn ??????
kx   yk1 < n  1?????
(ii) (GMC)??????? x 2 Rn ?????(GMC)?????? y 2 Zn ??????
ky   xk1 < n  1?????
?? (MC)? (GMC)?????????????? 4.21??? 4.32??????????
?? 4.32?????M??? F ? argminR F 6= ;?????????argmin fF (y) j y 2
Zng 6= ;?????????????????????????? 4.2?????????
?? 4.32 (i)???
?? 4.32(i)??????????????? 2???????????????????
?M??? F ?????????? i 2 N ??????????????????????
???????
?? 4.33 ([72, ?? 3.12]). ??? x;y 2 Rn ???? i 2 N ?????F (x) + F (y) 
90 ? 4 ? M ????????????
F (x^) + F (y) ??????????x^? y ?
x^(j) =
8<:
minfx(j); y(j)g (j 2 N n fig???);
x(N) 
X
k2Nnfig
minfx(k); y(k)g (j = i???);
y(j) =
8<:
maxfx(j); y(j)g (j 2 N n fig???);
y(N) 
X
k2Nnfig
maxfx(k); y(k)g (j = i???)
??????????????
??  2 R?????
level(F; ) = fx 2 Rn j F (x)  g
???????????F ???????????level(F; )????????[83, ?? 7.1]
???????
?? 4.34. ???? y 2 domR F ??level(F; ) ??????????  2 R ?????
???? ~x 2 level(F; )? level(F; )??? k~x  yk1 ????????????
(i) k 2 N ?
F (y   i + k)  F (y) (8i 2 N) (4.9)
??????????~x(k)  y(k) < n  1????
(ii) k 2 N ?
F (y   k + j)  F (y) (8j 2 N)
??????????~x(k)  y(k) >  (n  1)????
??. (i) ????????(ii) ??????????~x(k) > y(k) ???????????
?????
F (~x  "(k   i)) > F (~x)
(8i 2 supp (~x  y); 0 < 8"  minf~x(k)  y(k); y(i)  ~x(i)g) (4.10)
??????????????????????????? x0 2 domR F ??????F (x0) 
F (~x)   ?? kx0 yk1 < k~x yk1 ?????????????? ~x?????????
??????supp (~x y) = fi1; i2; : : : ; itg????????t = jsupp (~x y)j ( n 1)
????y0 = y ????h 2 R+ ? yh 2 Rn ? h = 1; 2; : : : ; t??????
h = supf j yh 1 + (k   ih) 2 domR F;
  minf~x(k)  yh 1(k); yh 1(ih)  ~x(ih)g;
F (yh 1 + 0(k   ih))?0 2 [0; ]?????????? g;
yh = yh 1 + h(k   ih)
??????????h = 0?????????yh ???? F ???????
F (yh) < F (yh 1) ?h > 0????; (4.11)
F (yh + (k   ih))  F (yh) (8 > 0)
?~x(k) > yh(k)?? yh(ih) > ~x(ih)???? (4.12)
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??????
Claim 1:
Pt
h=1 h = ~x(k)  y0(k).
[Claim 1???] ?????????
Pt
h=1 h < ~x(k) y0(k)??????k 2 supp+(~x 
yt) ??????(M-EXC[R]) ???? ih 2 supp (~x   yt) ???????  > 0 ???
???
F (~x) + F (yt)  F (~x  (k   ih)) + F (yt + (k   ih))
??????? 4.33? i = k ?????????
F (yh + (k   ih)) + F (yt)  F (yt + (k   ih)) + F (yh)
?????? 2????????????
F (yh + (k   ih))  F (yh)  F (~x)  F (~x  (k   ih)) < 0 (4.13)
????????????ih 2 supp (~x  yt)  supp (~x  y) ?? (4.10)???????
(4.13)??? (4.12)?????? [Claim 1??????]
Claim 2: h = 1; 2; : : : ; t?????h > 0???? F (y + h(k  ih)) < F (y)??
????
[Claim 2???] h 2 f1; 2; : : : ; tg, h > 0?????? 4.33? i = k ?????????
F (y + h(k   ih)) + F (yh 1)  F (yh) + F (y)
????
F (y + h(k   ih))  F (y)  F (yh)  F (yh 1) < 0
????????????????? (4.11)???? [Claim 2??????]
??? (4.9)? F ?????????
F (y + (k   i))  F (y) (???  1; i 2 N ????)
????????? Claim 2????? h = 1; 2; : : : ; t???? h < 1?????Claim 1
?????????????
~x(k)  y(k) = ~x(k)  y0(k) =
tX
h=1
h < t  n  1
????????????
?? 4.32(i) ????????????y ? (GMC) ??????????? F (y) =
minfF (y) j y 2 Zng??????????? k 2 N ???????
F (y   i + k)  F (y) (??? i 2 N ????); (4.14)
F (y   k + j)  F (y) (??? j 2 N ????) (4.15)
92 ? 4 ? M ????????????
??????
?? argminR F 6= ;????? = minfF (x) j x 2 Rng?????????level(F; ) =
argminR F ????~x 2 Rn ? level(F; ) ?????????????k~x   yk1 ??
??????????????? (4.14) ??? 4.34(i) ?????? k 2 N ????
~x(k)   y(k) < n   1 ????????? (4.15) ??? 4.34(ii) ?????? k 2 N ?
??? ~x(k)   y(k) >  (n   1) ?????????~x 2 level(F; ) = argminR F ?
k~x  yk1 < n  1???????????
argminR F 6= ;??????????????????????
level(F; ) 6= ;??????? 2 R?????
?? x 2 level(F; )??????kx  yk1  n  1???? (4.16)
?????????~x 2 domR F ? level(F; )?????????k~x  yk1 ???????
?????????? 4.34 (i)?? (4.14)????? k 2 N ???? ~x(k) y(k) < n 1?
????????? 4.34 (ii)?? (4.15)????? k 2 N ???? ~x(k)  y(k) >  (n  1)
??????? (4.16)????????????
? (4.16)??????
inffF (x) j x 2 domR F; kx  yk1  n  1g = inffF (x) j x 2 domR Fg;
argmin fF (x) j x 2 domR F; kx  yk1  n  1g  argminR F
???????????????
argmin fF (x) j x 2 domR F; kx  yk1  n  1g 6= ;
???????????F ??????????fx 2 domR F j kx  yk1  n  1g???
????????????????argminR F 6= ;????
?? 4.32 (ii)???
?? 4.32 (i)? (ii)???????????????????????? (ii)??????
?????? (i)?????????x 2 Rn ? (GMC)????????y 2 Zn ? (GMC)
????????kx   yk1 ?????????????????  ??????????
(GMC)?
(GMC) Minimize F (y) + ky   xk1 subject to y 2 Zn
???????? ky xk1 ? y ????????????????F (y) + ky xk1 ?
y ???????M?????????????????????M??????????
?? [62, ?? 6.49]?x ? (GMC)?????????????????????????
?????? ???????????????y ? (GMC)?????????????
? 4.32(i)? (GMC)??????????????kx   yk1 < n  1??????
?? 4.2. ?? 4.32 ????? M ??? F ? argminR F 6= ; ?????????
argmin fF (y) j y 2 Zng 6= ; ????????????????????F ? M ??
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???????????argminR F 6= ;? argmin fF (y) j y 2 Zng 6= ; ? 2???????
??? 2???????????????????????
1????????F : R2 ! R [ f+1g?
F (x1; x2) =
8<:
(2x2   1)2
x1 + 1
(x1  0?? 0  x2  1???);
+1 (???)
???????????????argminR F = f(x1; 0:5) j x1 2 R; x1  0g 6= ; ?????
??????????? y = (y1; y2) 2 Z2???? F (y) > 0 ??????? inffF (y) j y 2
Z2g = inff1=(y1 + 1) j y1 2 Z+g = 0?????????? argmin fF (y) j y 2 Z2g = ;?
?????????
2????????G : R2 ! R [ f+1g?
G(x1; x2) =

1=(x1 + 1) (x1  0?? x2 =
p
2  x1???);
+1 (???)
???????????????(0; 0)??? G????????????????????
??argmin fG(y) j y 2 Z2g = f(0; 0)g?????????? x 2 R2 ???? G(x) > 0?
???inf G = inff1=(x1 + 1) j x1  0g = 0?????????? argminRG = ;????
??????
4.7.2 ???????????????????????
??????????????? (SC)??????????? 4.27??????(SC)?
?????????
+(Y ) = minf(Z) j Z  Y g (Y  N)
??????????????? + : 2N ! Z[ f+1g????M??? B(+)\Zn ??
????????????????[17, ? 3.1? (b)]???????? B(+)???????
?? + ?? (2.67)????????????????????? (SC)??
Minimize
nX
i=1
Fi(x(i)) subject to x 2 B(+) \ Zn
?????????????
???????(SC)?????????????????M?????????????
???
(GSC) Minimize
nX
i=1
Fi(x(i)) subject to x 2 B() \ Zn;
?????????Fi : R ! R (i 2 N)? 1????????? : 2N ! Z [ f+1g ??
????????????(;) = 0?? (N) < +1????????(GSC)???????
94 ? 4 ? M ????????????
???
(GSC) Minimize
nX
i=1
Fi(x(i)) subject to x 2 B()
???????
?? (GSC)?????????
?? 4.35.
(i) (GSC) ??????? y 2 Zn ?????(GSC) ?????? x 2 Rn ??????
kx   yk1 < 2(n  1)?????
(ii) (GSC) ??????? x 2 Rn ?????(GSC) ?????? y 2 Zn ??????
ky   xk1 < 2(n  1)?????
???????? 4.27?????????
??????? (GSC)????????????? 4.35??????x 2 Rn ?????
Fsum(x) =
X
i2N
Fi(x(i))
?????????
?? 4.36. ' : R! R? 1?????????;  2 R?  < ?" 2 R? 0  "     
?????'() + '()  '(+ ") + '(   ")????
?? 4.37 ([72]). x;y 2 Rn, i 2 supp+(x  y), j 2 supp (x  y)????
Fsum(x) + Fsum(y)  Fsum(x  (i   j)) + Fsum(y + (i   j))
? 0    minfx(i)  y(i); y(j)  x(j)g ???????  2 R?????????
??. ???????? 4.36???????
?? 4.35(i)???
y 2 B()\Zn? (GSC)????????x 2 B()? (GSC)????????kx yk1
????????????????????? supp(x   y) = fi 2 N j x(i) 6= y(i)g?
???????????????????
kx   yk1 < 2(jsupp(x   y)j   1) (x 6= y ???) (4.17)
???????????????? jsupp(x   y)j  n ?? (i) ????????????
???x(N) = y(N)??????x 6= y ??? jsupp(x   y)j  2????
x 6= y ????????
L = fi 2 N j jx(i)  y(i)j  1g
?????? 3????????????
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Case 1: supp (x   y) \ L = ;
Case 2: supp (x   y) \ L 6= ; ?? supp+(x   y) n L = ;
Case 3: supp (x   y) \ L 6= ; ?? supp+(x   y) n L 6= ;
(Case 1) ?????
jx(j)  y(j)j < 1 (8j 2 supp (x   y)): (4.18)
??????x(N) = y(N) = (N)??????X
i2supp+(x y)
jx(i)  y(i)j =
X
j2supp (x y)
jx(j)  y(j)j (4.19)
???????
jsupp (x   y)j = jsupp(x   y)j   jsupp+(x   y)j
 jsupp(x   y)j   1 (4.20)
???????
kx   yk1 = 2
X
j2supp (x y)
jx(j)  y(j)j < 2jsupp (x   y)j
 2(jsupp(x   y)j   1)
?????????????? (4.19)???1???????? (4.18)???2??????
?? (4.20)???????????? (4.17)??????
(Case 2) j 2 supp (x   y) \ L????j 2 supp+(y   x)???????? 2.39
????? i 2 supp (y   x)??????? " > 0??????
y   "(j   i) 2 B(); x + "(j   i) 2 B() (4.21)
?????????y 2 B()\Zn????????????????y "(j i) 2 B()
?? y   (j   i) 2 B() \ Zn ??????????
Case 2????? i 2 supp (y   x) = supp+(x   y)  L ????????y(i) 
x(i)  1????k(x + "(j   i))  yk1 < kx   yk1 ? x ?????????
Fsum(x + "(j   i)) > Fsum(x) (4.22)
????Fsum ??????? (4.22)??
Fsum(x + (j   i)) > Fsum(x) (4.23)
????y(j)  x(j) + 1?? y(i)  x(i)  1???????? 4.37????
Fsum(y) + Fsum(x)  Fsum(y   (j   i)) + Fsum(x + (j   i)) (4.24)
????? (4.23)?? (4.24)?? Fsum(y  (j  i)) < Fsum(y)???????? y ?
(GSC)????????????????????? Case 2??????????????
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(Case 3) ?????k 2 supp+(x   y) nL ??? k??????????? k???
?????
B = fx 2 Rn j x 2 B(); x(i) = y(i) (8i 2 N n supp(x   y)); x(k)  y(k)g
?????? B ??????????B \ Zn ?M???????[17, ? 3.1? (b)]???
???????? y 2 B ?? x 62 B ?????? (GSC 0)????????? (GSC 0)??
??:
(GSC 0) Minimize
nX
i=1
Fi(x(i)) subject to x 2 B \ Zn;
(GSC 0) Minimize
nX
i=1
Fi(x(i)) subject to x 2 B:
y 2 B ?? B  B() ??????y ? (GSC 0) ???????????????? 4.21
???(GSC 0)????????????????S ( B)? (GSC 0)?????????S
? (GSC 0)???? x????kx  yk1 ?????????????????
S = fx 2 S j kx  yk1  kx0   yk1 (8x0 2 S)g
?????????????? ~x 2 S ???????
~x(k) = y(k); (4.25)
supp+(x   ~x) = fkg (4.26)
?????x(N) = ~x(N) = (N)??????X
j2supp (x ~x)
jx(j)  ~x(j)j =
X
i2supp+(x ~x)
jx(i)  ~x(i)j = jx(k)  ~x(k)j
????????????????? (4.26)?????????? (4.25)???
kx   ~xk1 = 2jx(k)  ~x(k)j = 2jx(k)  y(k)j < 2 (4.27)
??????????????????????? k 62 L??????~x = y ??????
?? (4.27)??
kx   yk1 = kx   ~xk1 < 2  2(jsupp(x   y)j   1);
?????????? (4.17) ????????????????~x 6= y ??????
~x 2 B ?? supp(~x   y)  supp(x   y) ??????????? (4.25) ???????
supp(~x  y)  supp(x   y) n fkg????????????????? (GSC 0)????
? ~x;y ??????????
k~x  yk1 < 2(jsupp(~x  y)j   1) (4.28)
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????? (4.27)?? (4.28)??????
kx   yk1  kx   ~xk1 + k~x  yk1
< 2 + 2(jsupp(~x  y)j   1)  2(jsupp(x   y)j   1)
???? (4.17)??????????
? (4.25)?? (4.26)???? ~x 2 S ????????????????????
~x 2 S ??S ?????????~x(k)???????????????????~x(k) <
y(k)???????????????x(k) > y(k)??????k 2 supp+(x   ~x)??
???????? 2.39??? 4.37????? j 2 supp (x   ~x) ?????????? "
??????x   "(k   j) 2 B()?? ~x+ "(k   j) 2 B()????????
Fsum(x) + Fsum(~x)  Fsum(x   "(k   j)) + Fsum(~x+ "(k   j)) (4.29)
?????x ? (GSC)??????????
Fsum(x)  Fsum(x   "(k   j)) (4.30)
??????~x(k) < y(k)????"??????????~x+ "(k  j) 2 B ??????
?????~x? (GSC 0)????????????????
Fsum(~x)  Fsum(~x+ "(k   j)) (4.31)
??????????? (4.29), (4.30), (4.31)???(4.31)???????????????
?? ~x+ "(k   j) ??? (GSC 0)??????????????~x(k) < ~x(k) + "  y(k)
??????k(~x+"(k j)) yk1  k~x yk1????~x 2 S?? ~x+"(k j) 2 S
?????????????? ~x? S ???????? ~x(k)?????????????
???????~x?? (4.25)?????
~x?? (4.25)???? S ?????????X
i2N
maxfx(i)  ~x(i); 0g
?????????????????????????? ~x?? (4.26)??????????
?? (4.26) ???????? supp+(x   ~x) n fkg 6= ; ???????????h 2
supp+(x  ~x)nfkg??????????? 2.39??? 4.37????? j 2 supp (x  ~x)
?????????? "??????x   "(h   j) 2 B()?? ~x+ "(h   j) 2 B()
????????
Fsum(x) + Fsum(~x)  Fsum(x   "(h   j)) + Fsum(~x+ "(h   j)) (4.32)
?????x ? (GSC)??????????
Fsum(x)  Fsum(x   "(h   j)) (4.33)
?????~x? (GSC 0)????????~x+ "(h   j) 2 B ??????
Fsum(~x)  Fsum(~x+ "(h   j)) (4.34)
98 ? 4 ? M ????????????
?????? (4.32), (4.33), (4.34)???(4.33)? (4.34)???????????????
????????x0 = x   "(h  j)? (GSC)????????~x0 = ~x+ "(h  j) ?
(GSC 0)??????????????x ?????? kx0   yk1  kx   yk1 ????
??(i) x(h)  y(h)???? (ii) x(j)  y(j)??????
?????~x0 ?? (4.25)???X
i2N
maxfx(i)  ~x0(i); 0g <
X
i2N
maxfx(i)  ~x(i); 0g (4.35)
???? S ?????????~x ????????????????????? (4.25) ?
~x0(k) = ~x(k) = y(k)???????????
j~x0(i)  y(i)j = j~x(i)  y(i)j (8i 2 N n fh; jg);
j~x0(i)  y(i)j  j~x(i)  y(i)j+ " (8i 2 fh; jg)
??????(i) x(h)  y(h)????~x(h) < ~x(h) + " = ~x0(h) < x(h)  y(h) ????
??j~x0(h) y(h)j = j~x(h) y(h)j "????(ii) x(j)  y(j)????~x(j) > ~x(j) " =
~x0(j) > x(j)  y(j) ??????j~x0(j)   y(j)j = j~x(j)   y(j)j   " ????????
k~x0   yk1  k~x  yk1???? ~x0 2 S ????????????? (4.35) ?X
i2N
maxfx(i)  ~x0(i); 0g  
X
i2N
maxfx(i)  ~x(i); 0g
=

max fx(h)  ~x0(h); 0g  max fx(h)  ~x(h); 0g

+

max fx(j)  ~x0(j); 0g  max fx(j)  ~x(j); 0g

=

x(h)  ~x(h)  "
  x(h)  ~x(h) =  " < 0
????????????2?????? h 2 supp+(x   ~x), j 2 supp (x   ~x)? "??
????????????????????
????~x?? (4.25)?? (4.26)?????????? 4.35 (i)???????
?? 4.35 (ii)???
?? 4.35 (i)? (ii)???????????????????????? (ii)??????
?????? (i)?????????x 2 B()? (GSC)????????y 2 B() \ Zn
? (GSC)??????? kx   yk1 ?????????????????  ???????
???
(GSC) Minimize
nX
i=1
 
Fi(x(i)) + jx(i)  x(i)j

subject to x 2 B() \ Zn
??????
????? M ??????????????????????x ? (GSC) ?????
??????????????????????? ??????????????y ?
(GSC)?????????????? 4.35 (i) ??? (GSC)?????????????
??kx   yk1 < 2(n  1)??????
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4.7.3 ????????????????????
???????????? (Laminar) ??????????? 4.28 ??????????
?????????F  2N ??? (4.6)??????????? 4.1????? X 2 F ?
????????????????? 2???? i; j 2 N ?????i; j ?????? F ?
???????????????? i? j ???????????????????????
??? i; j 2 N ??????i ?? j ???F ????????????F ????????
S0; S1; : : : ; St (t  2)?????????????
(i) S0 = fig, St = fjg
(ii) ?? k(1  k  t  1)??????Sk ? i? j ?????????????
(iii) h = 0; 1; : : : ; k   1??????? Sh+1 ? Sh ?????
(iv) h = k + 1; k + 2; : : : ; t??????? Sh 1 ? Sh ?????
?????i?? j ???????????????????
z 2 Rn ???i; j 2 N ???????????i; j, F , z ?????????cap(i; j;F ; z)
?
cap(i; j;F ; z) = min

min
0hk 1
max(z(Sh); 0); min
k+1ht
max( z(Sh); 0)

;
?????????S0; S1; : : : ; St ? i?? j ????????Sk ? i? j ????????
????cap(i; j;F ; z) > 0??????????
z(Sh) > 0 (h = 0; 1; : : : ; k   1); z(Sh) < 0 (h = k + 1; k + 2; : : : ; t)
?????????????????????????
???????????????
?? 4.38. F  2N ??? (4.6)?????????z 2 Rn ? z(N) = 0????????
????????????? i; j 2 N ???? cap(i; j;F ;z) < 1????????????
kzk1  2(n  1)??????n  2?????????? kzk1 < 2(n  1)??????
??. ???????? N ????? n ???????????????n = 1 ????
z(1) = z(N) = 0?? kzk1 = 0 = 2(n  1)????????n  2????????
Claim 1: ??? i 2 supp+(z)??????? j 2 supp (z)??????cap(i; j;F ; z) > 0
?????
[Claim 1 ???] X  N ? z(X)  0 ?? i 2 X ???? F ??????????
?????????z(N) = 0 ?? N 2 F ??????????? X ????????
z(i) > 0?? jXj  2????S0; S1; : : : ; Sk (k  1)? S0 = fig, Sk = X ?? Sh ? Sh 1
(h = 1; 2; : : : ; k) ????????????????????X ?????? z(Sh) > 0
(h = 0; 1; : : : ; k   1)????z(Sk) = z(X)  0?? z(Sk 1) > 0??????X ????
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? Sk+1 ????? z(Sk+1) < 0?????jSk+1j  2????Sk+1 ?? Sk+2 2 F ???
???z(Sk+2) < 0 ???????????????? Sk+1; Sk+2; : : : ; St 1; St ?????
jStj = 1, z(Sh) < 0 (h = k+1; k+2; : : : ; t)?? Sh ? Sh 1 (h = k+1; k+2; : : : ; t)???
??????j 2 N ? St ???????????????????????? j 2 supp (z)
?? cap(i; j;F ; z) > 0?????????? [Claim 1??????]
z 6= 0 ????????i 2 supp+(z) ????Claim 1 ????? j 2 supp (z) ?
?????cap(i; j;F ;z) > 0 ?????i ?? j ?????? ~S0; ~S1; : : : ; ~St ??? ~Sk
(1  k  t  1)? i ? j ????????????
~z = z   (i   j)?????????  = cap(i; j;F ; z) (> 0)?????????
k~zk1 = kzk1   2 ????
Claim 2: ??????? i; j 2 N ?????cap(i; j;F ; ~z)  cap(i; j;F ;z) (< 1) ???
???
[Claim 2 ???] ??? X 2 F ???? z(X)  0 ???? 0  ~z(X)  z(X) ??
????z(X) < 0 ???? 0  ~z(X)  z(X) ???????????????????
?????? ~S0; : : : ; ~Sk 1 ? F ????????????i ??? j ????????
??X 2 f ~S0; : : : ; ~Sk 1g ?????z(X)   ?? ~z(X) = z(X)     0 ??????
???? X 2 f ~Sk+1; : : : ; ~Stg ????? j ??? i ????????z(X)    ?
? ~z(X) = z(X) +   0 ????????f ~S0; : : : ; ~Sk 1g [ f ~Sk+1; : : : ; ~Stg ??????
X 2 F ??i ? j ?????????????????????????~z(X) = z(X)?
????? [Claim 2??????]
 = cap(i; j;F ; z)????????? v 2 f0; : : : ; k   1g [ fk + 1; : : : ; tg??????
jz( ~Sv)j =  ??????????~z( ~Sv) = 0????N 0 = ~Sv ???N 00 = N n ~Sv ????
j ~Sv \ fi; jgj = 1??????1  jN 0j < n?? 1  jN 00j < n????????????
F 0  2N 0 ? F 00  2N 00 ?
F 0 = fY j Y 2 F ; Y  ~Svg;
F 00 = fY j Y 2 F ; Y \ ~Sv = ;g [ fY n ~Sv j Y 2 F ; Y  ~Svg
?????????? F 0 ? F 00 ??? (4.6) ???????????????? z0 2 RN 0
? z0(i) = ~z(i) (i 2 N 0)????????? z00 2 RN 00 ? z00(i) = ~z(i) (i 2 N 00)??????
?? Claim 3 ????????? i; j 2 N 0????? i; j 2 N 00??????F 0?????
F 00?? i?? j ????? F ? i?? j ?????????????????????
Claim 3: ??????? i; j 2 N 0 ?????cap(i; j;F 0; z0) = cap(i; j;F ; ~z) ????
???????????? i; j 2 N 00?????cap(i; j;F 00; z00) = cap(i; j;F ; ~z)??????
Claim 2 ? Claim 3 ?????????? i; j 2 N 0 ???? cap(i; j;F 0;z0) < 1 ???
?????????? i; j 2 N 00 ???? cap(i; j;F 00; z00) < 1?????????????
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?????????kz0k1  2(jN 0j   1)? kz00k1  2(jN 00j   1)?????? < 1???
???
kzk1 = 2 + k~zk1 = 2 + kz0k1 + kz00k1
< 2 + 2(jN 0j   1) + 2(jN 00j   1) = 2(jN 0j+ jN 00j   1) = 2(n  1)
??????
?? 4.28 (i)???
?? (Laminar)??????n  2????????y 2 Zn ? (Laminar)???????
x 2 Rn ? (Laminar)????????kx   yk1 ??????????????x = y
???????? (i)??????????????x 6= y ????????z = x   y
?????????z(N) = x(N)  y(N) = K  K = 0???????????????
i; j 2 N ?????cap(i; j;F ;z) < 1???????????????????? 4.38??
??? kx   yk1 < 2(n  1)????????????
i; j 2 N ??????S0; S1; S2; : : : ; St ? i?? j ????????Sk (1  k  t  1)?
i? j ??????????????? cap(i; j;F ; z)  1???????h = 0; 1; : : : ; k   1
???? z(Sh)  1????h = k + 1; k + 2; : : : ; t???? z(Sh)   1?????????
??????????
???? x0 ? y0 ?????? x0 = x   i + j?y0 = y + i   j ????????
???
uX  x(X) > x0(X) = x(X)  1  y(X)  `X (X 2 fS0; : : : ; Sk 1g???);
`X  y(X) < y0(X) = y(X) + 1  x(X)  uX (X 2 fS0; : : : ; Sk 1g???);
`X  x(X) < x0(X) = x(X) + 1  y(X)  uX (X 2 fSk+1; : : : ; Stg???);
uX  y(X) > y0(X) = y(X)  1  x(X)  `X (X 2 fSk+1; : : : ; Stg???);
x0(X) = x(X); y0(X) = y(X) (X 2 F ; X 62 fS0; : : : ; Sk 1g [ fSk+1; : : : ; Stg???)
????????y0 ? x0 ?????? (Laminar)? (Laminar)?????????????
?????? 4.36???
FX(x(X)) + FX(y(X))  FX(x0(X)) + FX(y0(X)) (??? X 2 F ????);
????????????????X
X2F
FX(x(X)) +
X
X2F
FX(y(X)) 
X
X2F
FX(x
0(X)) +
X
X2F
FX(y
0(X)) (4.36)
????kx0   yk < kx   yk1 ??????x ???????X
X2F
FX(x(X)) <
X
X2F
FX(x
0(X))
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??????? (4.36)?????X
X2F
FX(y(X)) >
X
X2F
FX(y
0(X))
????y ? (Laminar)???????????????
?? 4.28 (ii)???
?? 4.32 (ii)??? 4.35 (ii)???????????????????????????
???????????????????
x 2 Rn ? (Laminar) ???????y 2 Zn ? (Laminar) ??????? kx   yk1
??????????????x 6= y ????????z = x   y ?????????
?? 4.28 (i) ????????????????? i; j 2 N ???? cap(i; j;F ; z) < 1 ?
????????????? kx   y0k1 < kx   yk1 ??????? y0 2 Zn ?????P
X2F FX(y(X)) <
P
X2F FX(y
0(X)) ?????????????????? 4.38 ??
??? kzk1 = kx   yk1 < 2(n  1)??????
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? 5?
????????????
5.1 ??
?????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
???????????????????????
?????????????????????????????????????????
??????????????????????????????????????????
?????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
?????????????????????????????????????????
???????????????????????????????
?????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????? 1990????????????
?????????????? [17, 61, 62, 65, 92]???????????L????M?
??????????????????????????????????????????
???????????????
??????????????????????????????ODICON (Optimization
algorithms for DIscrete CONvex functions) ????????? [94]??????????
104 ? 5 ? ????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
???Web????????????????????????????????????
??????????????????????????????????????????
???????????????????????????????????? 2 ????
??????????????????????????????????????????
?????????????????????????????????????
5.2 ??????????????
L\ ????M\ ??????????????????????????????????
????????? ODICON??????????????????????L\ ????
M\ ????????????L????M????????????? L\ ????M\ ?
??????????????????????????????????????????
5.2.1 L\ ?????????
???????????????????????????????????????
??????L\ ?????????? 3.2.1 ??????????? 2.5 ???????
? [60, 61, 62, 39]?
L\ ????????????
?? 0: x? domZ f ????????????????
?? 1: " 2 f1; 1g? X  f1; 2; : : : ; ng???????????
?? 1-1: X+ ? +x (X) = f(x+ X)  f(x)???????????
?? 1-2: X  ?  x (X) = f(x  X)  f(x)???????????
?? 1-3:(";X)??????????? (";X) =
(
(1; X+) if X+  X 
( 1; X ) if X+ > X 
?? 2: ?? f(x)  f(x+ "X) ?????????? x ? f ?????
?? 3: x := x+ "X ?????? 1???? 
?? 1 ????????+x (X),  x (X) ??????????????????????
?[17, 34, 62]???????????????????Iwata{Fleischer{Fujishige [35] ???
??????????????? (IFF???????????????? Fujishige{Wolfe
?????? (FW???????????? 5.3?????
5.2.2 M\ ?????????
M\ ??? f ??????????? 4.2.1 ????????????????????
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2.25??????????????? L\ ??????????? 2.25??????????
??? [61, 62, 65, 88]. ???M\ ??????????????????????????
????
(i) f(x i+j)?????? (i; j)????????[61, 227?]???????[62, 281
?283?]? `Steepest descent algorithm'??
(ii) ?????? i ???? f(x   i + j) ?????? j ????????[52] ?
`Modified Steepest Descent'??
(iii) ??? (ii)??????????????[88, 306?]? `Greedy'?
???????????????
5.2.3 L\ ?/M\ ???????????
?????????????????????????????????????????
???????????????????????????? [61, 62, 65]?? 3.3.1 ???
????????????????????? f : Zn ! R[ f+1g???????? ??
??
f(x) = f(x) (x 2 Zn) (5.1)
?????????? f : Zn ! R [ f+1g???????????? f ???????
??? ?????? f ???????????f ????? f ????????????
???????????? f ? f ????????????????? f ???? x ??
??????????? f ????????????????????f ????????
??????????????????????????????????????????
? 3.3.3????????????? L\ ??? f ???? x ????? f ??????
???????????? 3.3.4????????????????????????
??M\ ??????????? L\ ????????????????????????
???????? 4.3.2?????????????M\ ??? f ???? x ????? f
??????????????????????????????????????????
???? 4.3.3??????????????????
5.2.4 L\ ?/M\ ?????????
????? f : Zn ! R [ f+1g ?????
f(x) = F (x) (8x 2 Zn) (5.2)
???????????? F : Rn ! R [ f+1g ???????????? 3.4?????
??????????????? F ???? y 2 Rn ????y ????????????
?????? x 2 Zn ??????????????? f ????????????????
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? [56, 53]?????? y ????? f ???????????????????????
??????????????????????
L\ ?????????? 3.6?M\ ?????????? 4.16????????? f ???
?? (5.2)??????????? F ?????????????????????????
???????????? F ????????? f ?? (5.2)?????????????
?????????? f ?? F ?????????????L\ ?????????????
???????M\ ??????????????????
5.3 ??????????ODICON
?????????????????? ODICON (Optimization algorithms for DIscrete
CONvex functions) [94, 95, 96] ??????????????????????????
???L / L\ / M / M\ ??????????????????? 5.2.1??? 5.2.2????
???????? 5.2.3?????????? 5.2.4??????L???? L\ ??????
??????????????????????????????????????????
?????????????M??M\ ????????????
ODICON? C??????????????????????????????????
??????????????????????????????????????????
????? C?????????????????????????????????
?????????????????????????????????????????
???????????????C??????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????
5.3.1 ?????????
ODICON ???? 5.1 ????????????????????????? 1 ???
? *1?
double mgconv_minimize(int dim, double f(int dim, int x[]),
int init[], int lower[], int upper[]);
????dim???M\ ??? f()??????????????????????????
??????? L / L\ / M / M\ ???????????????????????????
???????????????????????????? init[]??????????
?????????????????????????????? init[]????????
*1 ???????? mg? g? general?????M????????M\ ????????
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? 5.1. ODICON?????????????????
?????????? (???????)
iff_call IFF
wolfe_call FW
L?????? (???????)
lconv_minimize ????? (? 3.2.1?) ?????
lconv_minimize_IFF ????? (? 3.2.1?) ?IFF?
lconv_minimize_FW ????? (? 3.2.1?) ?FW?
lconv_minimize_scaling ??????? (? 3.3.4?) ?????
lconv_minimize_scaling_IFF ??????? (? 3.3.4?) ?IFF?
lconv_minimize_scaling_FW ??????? (? 3.3.4?) ?FW?
lconv_minimize_relax ????? (? 3.4.5?) ?IFF?
L\ ?????? (???????)
lgconv_minimize ????? (? 3.2.1?) ?????
lgconv_minimize_IFF ????? (? 3.2.1?) ?IFF?
lgconv_minimize_FW ????? (? 3.2.1?) ?FW?
lgconv_minimize_scaling ??????? (? 3.3.4?) ?????
lgconv_minimize_scaling_IFF ??????? (? 3.3.4?) ?IFF?
lgconv_minimize_scaling_FW ??????? (? 3.3.4?) ?FW?
lgconv_minimize_relax ????? (? 3.4.5?) ?IFF?
M?????? (???????)
mconv_minimize ????? (i) (? 4.2.1?)
mconv_minimize2 ????? (ii) [52]
mconv_minimize3 ????? (iii) [88]
mconv_minimize_scaling ??????? (? 4.3.3?) [52]
mconv_minimize_relax ????? (? 4.4.3?)
M\ ?????? (???????)
mgconv_minimize ????? (i) (? 4.2.1?)
mgconv_minimize2 ????? (ii) [52]
mgconv_minimize3 ????? (iii) [88]
mgconv_minimize_scaling ??????? (? 4.3.3?) [52]
mgconv_minimize_relax ????? (? 4.4.3?)
??????????????????????????????????????????
??????? lower[i]init[i]upper[i] (0  i <dim)???????
????????? 2????????????M\ ?????????????????
????? double???? int? int????????????
double f(int dim, int x[]);
?????????????????????????????? C???????????
??????????????????????????????????????????
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??????????????????????????????????????????
??????????????????????????
????????? 3?????M\ ???
f(x) = x40 + (x1   3)2 + 5(x2   7)2
? C?????????????????
double f(int dim, int x[]) {
double r = 0;
assert(dim == 3); /* check dim */
r += x[0] * x[0] * x[0] * x[0];
r += (x[1] - 3) * (x[1] - 3);
r += 5 * (x[2] - 7) * (x[2] - 7);
return r;
}
?????????????????????????????????????????
?  100  xi  100 (0  i <dim)????
int main() {
int x[3] = { 0, 0, 0 };
int lower[3] = { -100, -100, -100 };
int upper[3] = { 100, 100, 100 };
double min = mconv_minimize(3, f, x, lower, upper);
...
??????????????min????? 0?x[]???????????? f0,3,7g ?
??????
????????????? L / L\ / M / M\ ???? 4???????????????
???????????????????????????????? (?????????
??????????)???????????????????????????????
??????????????????????????????????????????
??????
?????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????L / L\ ?????? M / M\ ??????????????
??????????????????????????????????????????
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??ODICON??????????????????????????????
?????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????
 ????????????Iwata{Fleischer{Fujishige (IFF) ?????? [35]???
??????
 ????????????Fujishige{Wolfe (FW) ?????? [18]?????????
????????????
 ?????????quasi-Newton?? J. Nocedal??? FORTRAN???????
?? `L-BFGS'*2 ??????? C++???????? *3?
 ????????????????? `SIMD-oriented Fast Mersenne Twister'*4?
? 5.1?????????????????
 L / L\ ????????????????????????????????? (i) ?
???(ii) IFF?(iii) FW ???? 3???????????????IFF? FW?
???????????????????????????????????????
???????????????????????????????????????
????FW??????????????????????IFF?????????
???????????????????????????
 L / L\ ???????????????????????????????????
??? (i) ????(ii) IFF?(iii) FW ???? 3???????????????
 L / L\ ????????????????????????????????? FW
???????????????????????????????????????
????????????????????? FW???????????????
??????????????
 M / M\ ?????????????????? 5.2.2????? 3????????
??
(i) f(x  i + j)?????? (i; j)??????? [61, 62]?
(ii) ?????? i???? f(x  i + j) ?????? j ??????? [52]?
(iii) ??? (ii)????????????? [88]?
??????????????????????
 M / M\ ????????????????Moriguchi{Murota{Shioura [52]????
?????????????????? M / M\ ?????????? M / M\ ??
???????????????????????????????????????
*2 http://www.ece.northwestern.edu/nocedal/lbfgs.html
*3 http://chasen.org/taku/software/misc/lbfgs/
*4 http://www.math.sci.hiroshima-u.ac.jp/m-mat/MT/SFMT/
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? 5.2. ODICON???????????????
????????????
is_lconv_gene L????
is_lgconv_gene L\ ????
is_mconv_gene M????
is_mgconv_gene M\ ????
2??????????
is_lconv_quadratic L????
is_lgconv_quadratic L\ ????
is_mconv_quadratic M????
is_mgconv_quadratic M\ ????
?????????????
make_hesse_l L???
make_hesse_lg L\ ???
make_hesse_m M???
make_hesse_mg M\ ???
M / M\ ???????????????????????????????????
 M / M\ ??????????????????????????????????M
/ M\ ?????????? (ii) ?????????????? 2 ????????
????????????
??????????????????
 ??????????? IFF? FW??????????????????????
???????????????????????????????????????
???????????????????????????????????????
????????????????????????????????????
 ?????????? `L-BFGS'????????????????????????
???????????????????????????? C??????????
???????????????????????????????????????
???????????????????????????????????????
????????????????????????????????????????
 ??????? `SIMD-oriented Fast Mersenne Twister'?????????????
?????????????C????????? rand()????????????
?????????????????????????????
?? ODICON???????????????? 5.2????????????????
????2?????????????????????????????????????
?????????? 2.14??? 2.15??? 2.33??? 2.35??????????????
5.3 ??????????ODICON 111
? 5.1. ???? ODICON???
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
????????????? [5, 11, 28, 51]?
5.3.2 ???
? 5.1???????? ODICON??????????????????
????
ODICON? C??????????????????????? C?????????
??????? ANSI C (C89) ???????????? *5?
?????
???????? odicon-20YYMMDD.tar.gz ????????????????
20YYMMDD?????????????????????????
% gzip -cd odicon-20YYMMDD.tar.gz | tar xvf -
*5 gcc 4.1.2?-std=c89???????????
112 ? 5 ? ????????????
??????? C?????????????? Makefile??????'make'????
??????
% cd odicon-20YYMMDD
% make
????????????? odicon????????????????????????
?????????????????????????????
% ./odicon L dim [seed]
% ./odicon M dim [seed]
?? 1 'L' ? 'M' ??????
?? 2 ????????????????
?? 3 ??????????????????????????
??????????????????????????????????????????
??????????????
???????????
?????????????????????????????ODICON???????
main()??? odicon.c?????????????????????????? main()
?????????????sample.c????????????????????????
???hogehoge??????????????????? Makefile??
PACKAGE = odicon
?????
PACKAGE = hogehoge
?????????? sample.c? hogehoge.c????????????
????????????????????????? 2??????????
 "make" ????????????? hogehoge???????
 "make tar" ???????hogehoge-20YYMMDD.tar.gz????????????
???????????????????????????????????????
????????????????????
????hogehoge.c????? main()???????????????????????
? hogehoge.c?????????
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5.4 Web????????
????????L???M???????????????????????????
?????????????????????????????????????????
??????????????????????????????Web?????????
??????????????????? [68]?????????????????????
??????????????????????????????????????????
????????
5.4.1 ??????????????????????
?????????????????????????????2?? L\ / M\ ?????
?? L\ ??????M\ ????????????Web??????????????
2???
L\ ? 2 ??????????????????????????????? 2 ?? L\ ?
??
f(x) =
1
2
x>Ax+ b>x
?????????????????????n ????? A = (aij) ? n ??????
b = (bi) ????????????? f ???????????????????????
????????? 2.14??????????? L\ ??????????????? 5.2?
?????????????????????????????????????Minimize??
??????????????????????????????????????????
??????????????????????????????? 5.2????M\ ? 2??
?????????????
??? L\ ???
??? L\ ???????????????????????
f(x) =
X
i6=j
fij(xi   xj) +
nX
i=1
fi(xi)
???????????? L\ ????????????????????? fij , fi ? 1??
????????2????4?????????????????????????????
?????????????????? f ???????????????????????
????????IFF????????????????????????????????
114 ? 5 ? ????????????
(????)
? 5.2. ???????????? (L\ ? 2??????????????)
??M\ ???
??M\ ???????????????????????
f(x) =
X
Y 2T
fY (x(Y )); x(Y ) =
X
i2Y
xi
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????????????????????????????T ???????X;Y 2 T ?
???X \ Y , X n Y , Y nX ?????????????????? fY ? 1???????
???2????4?????????????????????????????????
?????????????? f ???????????????????????????
???????? (i)?????????????????????
5.4.2 ????????????
???????????????????? (OR) ??????????????????
???????????????????????????? [6, 41, 49, 99, 100]?????
???????????????? SCM (Supply Chain Management) ?????????
?????????????????????????????1970 ??? Miller [47, 48]
?????????????????????Miller??????????????????
????????????????????Miller????????????????? L\
??????????????????????????????????????????
???
???????????????????????????????????????
????????????????????????????????????????
ODICON ????????????????????? n ??????????????
p; cj ; j(j = 1; 2; : : : ; n)???????? (? 5.3??)?????????????????
???????????????????? (? 5.3??)?
?????????????????Miller [47]???????????????????
??????????????????????????????????????????
??????????????? [47]??????????????????????Miller
??????????????????????????????????????????
??????????????????L\ ??????????????? [50, 65]?
Miller ?????????????? n ??????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
cj > 0??? j ??????xj 2 Z??? j ?????????????????????
?
Pn
j=1 cjxj ????????? j ??????????????????m??????
'j(m) ??????????
Fj(k) =
kX
m=0
'j(m) (k 2 Z+)
?????n??????????????????????????????
1X
k=0
0@1  nY
j=1
Fj(xj + k)
1A
116 ? 5 ? ????????????
???????? [65]? 14.7???????????? (x1; x2; : : : ; xn)???????
f(x) = p
1X
k=0
0@1  nY
j=1
Fj(xj + k)
1A+ nX
j=1
cjxj (5.3)
???????????????????p > 0?????????????? j ?????
?????????? j > 0???????
'j(m) = exp( j)
mj
m!
(m 2 Z+)
?????
??????????(5.3)?? f ? L\ ?????????????, L\ ????????
?????????f(x)??????????????????
????????????????????????????????????????
?????????????????????????????????????????
?n = 50?????????????????? ODICON???????????????
????????????????????
5.4.3 ??????????????????????????????
?????????????????????????????????????????
??????????????????????????????????????????
????????????????????????????? Koole{Sluis [41]?????
???????????? [3, 4, 27]?????????????????????????
??????????????????? L\ ????????????
????????????????????????????????????????
?????????????????????????????????????????
ODICON????????????????????????????? i???????
????? ???????????????? c ???????????????? (?
5.4)????????????????????????????????????????
?????????? (? 5.5)?
??????????Koole{Sluis [41]??????????????????
 ?????????I ??????????????????????????
i = 1; 2; : : : ; I ????
 ???????????M ????????????
 ??????K ????????????????????????????????
???? k = 1; 2; : : : ;K ????? k ??????????? Ik ????????
1  I1 < I2 <    < IK  I  M + 1 ????? 5.6 ??????????I = 13,
M = 5, K = 4, I1 = 1, I2 = 3, I3 = 6, I4 = 9??
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(????)
? 5.3. ???????????? (????????????)
118 ? 5 ? ????????????
(????)
? 5.4. ???????????? (????????????????)
 ????? i = 1; 2; : : : ; I ?????????????????????????
gi(ni) ?????????????ni ????? i ???????????????
?????? gi ?????????????
 ?????????? S ? S =P1iI gi(ni) ???????
? k ????????????????? yk ????????? i????????? ni
?
hi(y) =
X
k:i M<Iki
yk
?????????????????? S ? y = (y1; : : : ; yK) ??????
S(y) =
X
1iI
gi(hi(y)) (y 2 ZK) (5.4)
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? 5.5. ???????????? (????????????????)
  

      	 









? 5.6. ?????
?????? [41]????????????????? s???????????????
?????
Minimize
X
k
yk s.t. S(y)  s; y 2 ZK (5.5)
??????????Y ???????????
Maximize S(y) s.t.
X
k
yk = Y; y 2 ZK (5.6)
120 ? 5 ? ????????????
???????????? Y ????????????????? (5.5)?????????
??????
??????? S(y)?????????????M/M/n??????????????
?????????????? i (i = 1; 2; : : : ; I), ???????????? ?????
?????????????? c???? c = 11????????????????????
??????????????????????
S(y) =
X
1iI
i

P[Wi(ni)  c] =
X
1iI
i

P[Wi(hi(y))  c] (5.7)
????????ni = hi(y)????? i????????????? =
P
1iI i ??
?????W(n)????????M/M/n (??? ?????? ) ???????? (?
???)????P[   ]?????????????????????????
P[W(n)  c] = 1 n exp[ n(1  =n)c] (5.8)
????????????????? = =, =n < 1,
n =
n
n!(1  =n)
n 1X
k=0
k
k!
+
n
n!(1  =n)
?????????? i?????
gi(n) =
i

P[Wi(n)  c]
? n???????????? *6 ???????????????
? (5.4)??? S(y)??????????????gi (i = 1; 2; : : : ; I) ????????
????????????? S(y)???????? (multimodular)??????????
????? [41]?????????? L\ ????????????????????? L\ ?
???????????????????? 1? 1????? [62, 65]?
?? 5.1. ?? F : ZK ! R [ f+1g????????????????????????
f(x) = F (x1; x2   x1; x3   x2; : : : ; xK   xK 1) (x 2 ZK)
???????? f : ZK ! R [ f+1g ? L\ ????????????????
F (y) = f(y1; y1 + y2; y1 + y2 + y3; : : : ; y1 +   + yK) (y 2 ZK)
??????
*6 ?? gi ??????? fn 2 Z j n > i=g ????n  i=????? gi(n) =  1????
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?????????? (5.6)?K   1??? L\ ???
~f(x) =  S(x1; x2   x1; x3   x2; : : : ; xK 1   xK 2; Y   xK 1) (x 2 ZK 1)
???????????????????????????????? (5.6)???????
????????????
?????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????? ODICON??????
?????????????????????????????????????????
?n = 50??????????????????
5.5 ?????
ODICON???????????????????????
ODICON ???? 5.1 ???? 3 ??? L\ ?/L ????????????? 5 ???
M\ ?/M?????????????????????????????????????
??????????????????????????????????????????
?????????? 3??? 3.3?? 4??? 4.1??ODICON???????????
???
?? ODICON???2????????????????????IFF? FW??????
2?????????????????????????????????????? 2??
????? ODICON????????????????????????????????
?????? 5.7??????? 3??? 3.3?????????????????????
??????3??? L\ ??????????????????????????????
???????????? IFF? FW????????????????????????
??3???????????????????IFF??? FW?????????????
?????????????????????????????
??????ODICON??????????????????????????????
????????????
ODICON???? 5.2??????????????????????????????
??????????????????????????2???????????????
????? 2??? 2.12????????????????2?????????M\ ??
???????????? L\ ???????????????????????????
ODICON?????Web????????????????????????????
??????????????????????????????????????????
???
ODICON????????????????
????????????????????L / L\ ??????????????????
122 ? 5 ? ????????????
??????????????????????????????????????????
?????????????????????????????????L / L\ ?????
??????????????????????????????????????????
????????????????????????????????IFF???? FW??
??????????????????????????????
?????????????????????????????????????????
???????????????? IFF?????????????? FW???????
??????????????????????????????????????????
???????????????L / L\ ????????????????????????
??????????????????????????????????????????
?????????????????????????????
M / M\ ?????L / L\ ?????????????????????????????
??????????M????? 1000???????L????? 100????10??
????????M / M\ ???? L / L\ ??????????????????????
??????????????????????????????????????????
????
L / L\ ?????????????????????????10???????????
???????????????????????????????M / M\ ???????
?????????????????? 100??????????????????????
?????????????????????????? ODICON??????? 10??
?????????????????? L / L\ ????????????????????
??????????????????????????????
5.5 ????? 123
103
104
105
106
10 100
?
?
?
?
?
?
,
C
??????, n
SD:IFF (an2:6)
SD:FW (bn2:5)
SCALE:IFF (cn2:5)
SCALE:FW (dn2:5)
RELAX:IFF (en2:5)
RELAX:FW (fn2:4)
? 5.7. L\ ??????????????????????????????????????
?????????
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? 6?
??
6.1 ??
??????????????????????????????????????? L?
???M?????????????????? 2??????????????????
?????L ???? M ???? Legendre ?????????????????L ???
?M???????????????????????????????????????
???????????????? L????M???????????????????
??????????????????????????????????????????
????????????????????????
??????????????????L????M?????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????
?????????????????????????????????????????
??????????????????????????????????????????
?????????????????????????????L???????M???
???????????????????????????L????M????????
??????????????????????????????????????????
???????????????L?????????????????? L???????
??????????????????????????????????????????
????????????????M????????????????M???????
??????????????????????????????????????????
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???????????????
???????????M????????????????????????????
??????????????????????????????????????????
????????????????????????M????????????????
??????????????????????????????????????????
?????????????????????????????????????????
?????????????????????????????????????????M
????????????????????????????????
?????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
???????????????????? 100?1000 ????????????????
? 10?100 ????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
?????????????????Web??????????????????????
???????????
6.2 ?????
????????????????????????
?? L?????M????????????? ??????????????????
???????????????????????????????????????
???????????????????????????????????????
???????????????????????????????????????
???????????????????????????????????????
????????????????????????????
???????????????? ?????????????????????????
???????????????????????????????????????
???????????????????????????????????????
????????????????????????????????ODICON???
????????????????????????????
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????? L?/M???????????????? ?????????? L?/M??
??????????????L?/M?????????????????????
???????????????????????????????????????
???????2?????????? L?/M?????????????????
???????????????????????????
????????????????? ???????? ODICON ? C ????????
????????????? C?????????????????????? C?
???????????????????????????????????????
???????????????????????????????????????
???????????????????????????????????????
????????????????????????? ODICON?????????
??????????????????????????????????????
???????????????
??????????????????? ??????????????????????
????? L ???????????? M ???????????????????
??? L?????????????????????? [55]??? L??????
???????????????????????????????????????
?????????????????????????M????????????
???????????????????
??????????????ODICON???????????????????????
????????
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??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
???????????
?????????????????????? ??????)?????????? ??
?????????????????????? ??????????????????? ?
???????????????? ?????????????????? ?????????
??????? ???????????????????????????????????
???????????????????????? ??????????????????
???????????????? ??????????????????????????
????????????
????????????????????? ??????????????????? ?
??????????? ???????????????????????????????
??????????????????????????????????????????
???????????? ??????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
????????????????? ????????????????????????
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